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Abstract 



We give a unified construction of the minimal representation of a finite cover G 
of the conformal group of a (non necessarily euclidean) Jordan algebra V. This 
representation is realized on the L 2 -space of the minimal orbit O of the structure 
group L of V. We construct its corresponding t)-module and show that it can 
be integrated to a unitary irreducible representation of G on L 2 (0). 

In particular, we obtain a unified approach to the two most prominent mini- 
mal representations, namely the Segal-Shale- Weil representation of the metaplectic 
group Mp(n, R) and the minimal representation of 0(p+l, q + 1) which was recently 
studied by T. Kobayashi, G. Mano and B. 0rsted. 

In the second part we investigate special functions which give rise to {-finite 
vectors in the representation. Various properties of these special functions such 
as differential equations, recurrence relations and integral formulas connect to the 
representation theory involved. 

Finally, we define the conformal inversion operator To by the action of the longest 
Weyl group element. To is a unitary operator on L 2 (0) of order 2. We show that the 
action of To on radial functions is given by a special case of Meijer's G-transform. 

Zusammenfassung 

Wir konstruieren einheitlich die minimale Darstellung einer endlichen Uberlagerung 
G der konformen Gruppe einer (nicht notwendigerweise euklidischen) Jordanalgebra 
V. Diese Darstellung lasst sich auf dem L 2 -Raum der minimalen Bahn der Struk- 
turgruppe L von V realisieren. Wir konstruieren den zugehorigen t)-Modul und 
zeigen, dass er sich zu einer unitaren irreduziblen Darstellung von G auf L 2 (0) 
integrieren lasst . 

Insbesondere liefert dies eine einheitliche Sichtweise auf die beiden bekanntesten 
minimalen Darstellungen: Die Segal-Shale-Weil Darstellung der metaplektischen 
Gruppe Mp(n, R) und die minimale Darstellung von 0(p + l,q+ 1), die kiirzlich 
von T. Kobayashi, G. Mano und B. 0rsted studiert wurde. 

Im zweiten Teil untersuchen wir spezielle Funktionen, die explizite 6-endliche 
Vektoren in der Darstellung liefern. Verschiedene Eigenschaften dieser speziellen 
Funktionen wie Differentialgleichungen, Rekursions- und Integralformeln werden 
bewiesen und in Bezug zur Darstellungstheorie gesetzt. 

Zuletzt definieren wir den konformen Inversionsoperator To durch die Wirkung 
des langsten Weylgruppenelements. To ist ein unitarer Operator der Ordnung 2 
auf L 2 (0). Wir zeigen, dass die Wirkung von To auf radialen Funktionen durch 
eine spezielle Form von Meijer's G- Transformation gegeben ist. 
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Introduction 



We explain the results of this thesis from two different points of view: 

• The study of minimal representations is motivated from unitary representation 
theory. Minimal representations are thought to correspond to the minimal 
nilpotent coadjoint orbit via the orbit philosophy. 

• On the other hand, the 'smallness' of the minimal representation results in 
large symmetries in its geometric realizations. We investigate an interesting 
relashionship between minimal representations and certain special functions 
that solve a fourth order ordinary differential equation. The special functions 
appear as {-finite vectors in the L 2 -model of the minimal representation. 

Minimal representations 

In the theory of unitary representations it is an unsolved problem to determine 
the unitary irreducible representations of all simple real Lie groups. For simply- 
connected nilpotent groups G, Kirillov's orbit method establishes a correspondence 
between the unitary irreducible representations of G and its coadjoint orbits. Un- 
fortunately, this methods does not work for arbitrary simple real Lie groups. Nev- 
ertheless, Kirillov's method suggests an intimate relation between coadjoint orbits 
and unitary irreducible representations. 

On the one hand, to every unitary irreducible representation it of a simple real 
Lie group G one can associate the annihilator Ann(7r) of the derived representation 
dir in the universal enveloping algebra U(g) of g = Lie(G). Its associated variety 
V(Ann(7r)) C gjj; is the closure of a nilpotent coadjoint orbit. On the other hand, 
there are quantization procedures which associate unitary representations to certain 
coadjoint orbits. For the nilpotent coadjoint orbits such a quantization procedure 
is least understood. To gain a better understanding of the relation between unitary 
representations and nilpotent coadjoint orbits one studies representations which 
correspond to the minimal nilpotent coadjoint orbit. 

Definition ([GS05, Definition 4.6]). A unitary irreducible representation ir of a 
simple real Lie group G is called minimal if its annihilator Ann(7r) is equal to the 
Joseph ideal. 

The Joseph ideal is the unique completely prime two-sided ideal in U(g) whose 
associated variety is the closure of the minimal nilpotent coadjoint orbit (see [US05 , 
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Section 4.4]). Therefore, minimal representations are thought to correspond to the 
minimal nilpotent coadjoint orbit. For simple real Lie groups the number of iso- 
morphism classes of minimal representations is always finite. In many cases there 
is either one or no minimal representation. A self-contained exposition of minimal 
representations can be found in [GS05 . 

The most prominent minimal representation is probably the (holomorphic part 
of the) metaplectic representation. The metaplectic representation (also called os- 
cillator representation or Segal-Shale-Weil representation) is a unitary representa- 
tion of the metaplectic group Mp(n,M) (the double cover of the symplectic group 
Sp(n,IR)) on L 2 (W a ). There are various connections between the metaplectic repre- 
sentation and other fields of mathematics such as symplectic geometry or number 
theory. An overview of the metaplectic representation can be found in [Fbl89, 
Chapter 4] whereas the original papers of I. E. Segal, D. Shale and A. Weil are 
|Segt^lSha62llWei64| . 



Another example for a minimal representation has recently attracted more and 
more attention: the minimal representation of the indefinite orthogonal group 
0(p + 1,(7+1) with p + q even. A realization on L 2 (C), where C C W +q is 
an isotropic cone, was constructed by T. Kobayashi and B. 0rsted in |K0O3cj . 

There are several results about the construction of minimal representations: 

• In [BK94] and |Bry98| R. Brylinski and B. Kostant construct the minimal 
representation of a certain class of simple real Lie groups G on the space of 
sections of a particular half-form bundle. However, in their construction the 
case where the corresponding symmetric space G/K is hermitean is excluded. 

• For the hermitean case, S. Sahi constructs the minimal representation in 



[Sah92j. Together with A. Dvorsky he also gives a construction for another 
class of groups in [DS99J. The same is done in [BSZ06J. They all exclude the 
case Q = so(p + 1, q + 1) from their considerations. 

• In the case of the group 0(p + l,q + 1), p + q even, there are several re- 
sults. For the group 0(4,4) the minimal representation was first constructed 
by B. Kostant in |Kos90| . Later B. Binegar and R. Zierau generalized the 
construction to arbitrary parameters p and q with p + q even (see [B Z91] ). 
Two different geometric models including the L 2 -model are constructed in 
|K0O3a[ |K0O3bllK0O3cj . 

However, what is missing is a unified construction of an L 2 -model of the minimal 
representation. The right framework for this construction seems to be the framework 
of Jordan algebras. In the two examples G = Mp(n, K) and G = S0(p + 1, q + l)o 
the group G is a finite cover of the identity component Co(V)o of the conformal 
group Co(V) of a certain simple real Jordan algebra V. Therefore, one may ask the 
following questions: 
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Questions. (1) For which simple real Jordan algebra V does a finite cover G of 
Co(V)o admit a minimal representation? 
(2) Is there a natural realization of the minimal representation of G on a certain 
L 2 -space? 

By a result of D. A. Vogan, no covering group of SO(p + l,q + l)o admits a 
minimal representation if p + q is odd and p, q > 3 (see |Vog81 Theorem 2.13]). 



In all other cases one can show that there is a finite cover of the conformal group 
which admits a minimal representation. The minimal representation can be realized 
on the L 2 -space of the minimal non-zero orbit O of the structure group Str(l/) of 
V. This is proved in [Sah92j for euclidean Jordan algebras, in [DS99J, [DS03J and 
[BSZ06, Section 8] for non-euclidean Jordan algebras of rank > 3, and in |K0O3c] 
for the remaining case G = 0(p+ 1, q + 1). In Section I2TTI we give a unified construc- 
tion which works for the most general class of Jordan algebras. Our construction 
can be described as follows: 



We start with a simple real Jordan algebra V of split rank r > 2 with simple 
maximal euclidean subalgebra V + . Its structure group Str(V) acts linearly on 
V and has finitely many orbits. The minimal non-zero orbit O of the identity 
component Str(V)o carries a unique Str(V)o-equivariant measure dfi. This gives 
the representation space L 2 (0, dyu.) . 

Let q be the Lie algebra of the conformal group Co(V) of V. First, we construct 
a Lie algebra representation d7r of g on C°°(0) (see Section I2.1.ip . Further, we 
define a function ip E C°°(0) by 

V>o(aO := tff(M), xeO, 

where K a (z) denotes the normalized K-Bessel function (see Appendix ID. ID . | — | 
is a certain norm on V and v is a structure constant of the Jordan algebra V. 
The subrepresentation of C°°(0) generated by tpo is a (g, 6)-module if and only if 
Q ¥ so(p + 1, q + 1) with p + q odd (see Proposition 12. 1.4[) . (This is exactly the 
case for which no minimal representation exists.) Excluding this case, the (q, £)- 
module integrates to a unitary irreducible representation ir of a finite cover G of 
Co(^)o on L 2 (0, dfi) (see Theorem l2.1.12p . This representation is in fact a minimal 
representation (see Remark l2.1.15p . 

The Jordan algebras corresponding to the groups 0(p + 1, q + 1) are those of 
rank 2. From a representation theoretic point of view, this case is most difficult 
to handle, because the corresponding minimal representation is in general neither 
a highest weight representation nor spherical. In all other cases the representation 
theory is simpler: 

• For a euclidean Jordan algebra the minimal representation is a highest weight 
representation. 

• For a non-euclidean Jordan algebra of rank > 3 the function tp is a K- 
spherical vector and hence the minimal representation is spherical. 
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Therefore, in the case of rank 2 Jordan algebras the calculations are more involved 
and are treated separately in Appendix iBl 

Generalized Laguerre functions 

The constructed L 2 -model of the minimal representation allows a wide range of 
applications, in particular to the theory of special functions. 

In general, it is quite hard to find explicit expressions for {-finite vectors in unitary 
representations. However, for the minimal representation we determine an explicit 
{-finite vector in every {-type. In order to do so, we first compute the action of the {- 
Casimir on radial functions in Section 12731 It turns out that the {-Casimir essentially 
acts on the radial parameter x G by the ordinary fourth order differential 
operator 

= ^ ((0 + n + v){6 + y) - x 2 ) (9(9 + v)- x 2 ) , 

where 9 = x-$- and // and v are certain structure constants of the Jordan alge- 
bra. We show that this operator extends to a self-adjoint operator on the Hilbert 
space L 2 (R + , x fl+u+1 dx) and compute its spectrum (see Corollary I2.3.4p . The L 2 - 
eigenfunctions are constructed in terms of their generating function 

The generating function G^it, x) is analytic near t = and hence defines a sequence 
(Ag 'j{x))j of functions on IR + by 

oo 

G^(t,x) = J2^J^)t J . 
i=o 

We show that for every j the function Ag 'J(x) is an L 2 -eigenfunction of T>^ v for the 
eigenvalue 4j(j + fi + 1) (see Theorem 13. 3.6p . This implies that the radial functions 

^(x):=A^(\x\), xeO, 

are explicit {-finite vectors in the minimal representation. 

The parameters fi and v are structure constants of the Jordan algebra. However, 
the formula for the operator as well as the construction of the eigenfunctions 
K^ v -[x) makes sense also for general complex parameters //, v G C In Section [3] 
we study properties of T>^ v for arbitrary /i and v. We further construct a generic 
fundamental system A^(x), i = 1,2,3,4, of the differential equation 

T>^ v u = 4 j ( j + l)u. 
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For i — 2 the function 'J(x) is an L 2 -eigenfunction of T>^ u . Various properties of 
the special functions Af^(x), i = 1,2, 3, 4, such as recurrence relations and integral 
formulas are derived. 

Now, if one assumes that the parameters /i and v appear as structure constants 
of a simple real Jordan algebra for which the minimal representation exists, then 
representation theory can be used to give short proofs for statements on the L 2 - 
eigenfunctions A^'J (x): 

(1) The functions Af^x) (j = 0,1,2,...) form an orthogonal basis of 
L 2 (IR + , dx) (see Corollary I3.3.8p . A closed expression for their norms 
is given in Corollary 13.6.21 

(2) The Lie algebra action predicts various recurrence relations (see Section [378]) . 
These recurrence relations are stated in Section 13.61 

In the case that g = so(p + l, q + 1), these results are already proved in [HKMM09b|. 
There, only the minimal representation of 0(p + 1,5+1) is used. Hence, the set 
of parameters (/i, v) which appear in |HKMM09b] is strictly smaller than the set of 
parameters for which the statements are proved in Chapter [3J 

If the Jordan algebra V with which we start is euclidean, then the parameter v is 
equal to —1. In this case the functions K^ u -[x) simplify to Laguerre functions (see 
Corollary [3X3]) : 

A.%\r\x) = const ■ e- x L >x j {2x), 

where L"(z) denote the Laguerre polynomials as introduced in Appendix ID.2I For 
thi s case, th e differential equation and the recurrence relations are a reformulation 
of |ADO07l Theorem 6.3]. 



Another type of special functions occurs if one studies the unitary inversion op- 
erator To- This operator is defined using the group action of the minimal represen- 
tation 7r (see Section 1274")) . To is a unitary involutive operator on L 2 (0, d/i) which 
resembles the euclidean Fourier transform. Various properties of To are proved 
in Theorem 12.4.11 Together with the action of a maximal parabolic subgroup of 
G (which can be written down explicitly) the operator To determines the whole 
representation tt. Therefore, to gain a better understanding of the minimal repre- 
sentation, it might help to find an explicit formula for the action of To- For the case 
= so(p + 1, q + 1) the full integral kernel of To was computed by T. Kobayashi 
and G. Mano in |KM07a[ IKM07b] . To generalize this result, we determine, as a first 
step into this direction, the action of To on radial functions. It turns out that To 
preserves the space of radial functions and acts on a radial function ip(x) = f{\x\) 
as the integral transform (see Theorem I2.4.3[) 

POD 

T^f(x)= / K^(xy)f(y)y^ +1 dy 
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with integral kernel 



x 



2aH 



^20 
_1 ^04 



X 



v n 
°'~2'~2' 



given in terms of Meijer's G-function (see Appendix ID.4I) . The operator T^ v is a 
special case of the more general G-transform as studied in |Fox61] . As a corollary 
of these observations we obtain that the functions A 



G-transform T^' u for the eigenvalues 



2j 1 



x : 



are eigefunctions of the 



All in all, we observe an intimate relation between the special functions Aj'J (x) 
and minimal representations. On the one hand, results about the special functions 
^2 'J ( x ) are used to obtain explicit expressions for t-finite vectors in the minimal 
representation. But on the other hand, representation theory also provides proofs 
of statements on the special functions K^ix) such as orthogonality relations, com- 
pleteness or integral formulas. 



Outline of the thesis 

In the first chapter we introduce the concept of Jordan algebras. The basic structure 
theory is explained and the structure constants /i and v are defined. We further 
describe the structure group and its orbits as well as equivariant measures on the 
orbits. The conformal group and its Lie algebra are discussed in detail. Finally, 
we define the Bessel operators which are needed for the Lie algebra action of the 
minimal representation. 

Chapter [2] is concerned with the minimal representation. We first give a detailed 
contruction of the representation. In the second part we explain the relation of the 
minimal representation to generalized principal series representations. We further 
show that the Casimir element G{ acts on radial functions as the fourth order 
differential operator T>^ u . In the fourth section we define the unitary inversion 
operator To and prove several properties for it. We also prove that To acts on 
radial functions by the G-transform T 7 ^ '. 

The third chapter deals with the differential operator T>^ v and its eigenf unctions. 
Here we do in general not assume that \x and v are the structure constants of a 
certain Jordan algebra V. We construct eigenfunctions A^^(x), % = 1,2,3,4, of 
T>^ v in terms of their generating functions and investigate main properties such as 
asymptotic behavior, recurrence relations or integral representations. Now suppose, 
fi and v are the structure constants of a Jordan algebra V for which the minimal 
representation exists. For the L 2 -eigenfunctions K!£^(x) we derive orthogonality 
relations, expressions for the norms, a completeness statement and simplification 
formulas. In the last section we interpret the functions Ag 'j'(x) as radial parts of 
t-finite vectors in the minimal representation associated to the Jordan algebra V . 



6 



Introduction 



Outlook 

(1) Our construction of the minimal representation uses the rich structure of 
Jordan algebras. A generalization of the concept of Jordan algebras leads to 
the notion of Jordan triple systems. Many objects that are needed in our 
construction still exist in the theory of Jordan triple systems. Therefore, it is 
an interesting question whether the construction of the minimal representation 
can also be carried out in the more general framework of Jordan triple systems. 

(2) In the special case where g = so(p + l,q+ 1), T. Kobayashi and G. Mano 
computed the action of the unitary inversion operator To riot only on radial 
functions, but on every f^-isotypic component, where — K H Str(V) = 
SO(p) x SO(g) (see |KM07bl Theorem 4.1.1]). Using these results they de- 
termined the full integral kernel K(x,y) E V(0 x O) of T Q (see |KM07bl 
Theorem 5.1.1]). The same method might work also in the general case. 

(3) A big advantage of the L 2 -realization of the minimal representation is that it 
is well-suited for tensor product computations. The decomposition of tensor 
powers of the minimal representation is studied in [DS99, Theorem 0.2] for 
non-euclidean Jordan algebras of rank > 3 and in |Dvo07] for the case g = 
so(p + l,q + 1). It should be possible to prove these results in the general 
framework. 

(4) The same might be possible for branching laws for the restriction to a sym- 
metric subgroup. In |Sep 07b[ |Sep07a[ |Sep08[ IMS10] the branching laws for 



restriction to the structure group Str(V) are studied in the case of euclidean 
Jordan algebras. Some ideas might also apply in the general case. 



Notation: N= {1,2,3,...}. 



7 



Introduction 



8 



1. Jordan theory 



In this chapter we introduce the main concepts in the theory of Jordan algebras. 
We first define Jordan algebras and analyze their algebraic structure. To every 
Jordan algebra we associate two important groups which are needed in Chapter [2] 
to construct representations: 

• The structure group which acts linearly on the Jordan algebra. Its orbits 
provide the geometry of the representation space. 

• The conformal group which acts on the Jordan algebra by rational transforma- 
tions. The minimal representation will be a unitary irreducible representation 
of a finite cover of it. 

The stated results are either known or simple computations which are needed in 
the subsequent chapters. The notation is mostly as in [FK94J where most results 
of this chapter can be found, although only for the special case of euclidean Jordan 
algebras. 



The algebraic framework for the construction of the minimal representation will 
be the framework of Jordan algebras. Jordan algebras can be defined over general 
fields, but for our purpose it suffices to consider either IK = R or K = C. 

Definition 1.1.1. A vectorspace V together with a bilinear multiplication VxV-)> 
V, (x, y) i— > x ■ y = xy, and a unit element e (i.e. x ■ e = x = e ■ x for every x £ V) 
is called Jordan algebra if the following two properties hold for any x,y EV: 



Let us fix some notation: 

• We denote by L(x) G End(V) the multiplication by x G V. With this the 
axiom f lJ2j) can be written as 



1.1. Jordan algebras 



x-y = yx, 
x ■ (x 2 ■ y) = x 2 ■ (x ■ y). 



(Jl) 
(J2) 




Va; G V. 



• Write 



P(x) = 2L{xf - L{x 2 ) 
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Chapter 1. Jordan theory 

for the quadratic representation and 

P(x,y) = L(x)L(y) + L(y)L(x) - L(xy) 

for its polarized version. 
• Define 

xDy:=L(xy) + [L(x),L(y)]. (1.1) 

Then (xDy)z = P(x, z)y. 

Let V be a finite-dimensional Jordan algebra of dimension n. To x G V one can 
associate a generic minimal polynomial (see e.g. |FK94} Section II. 2]) 

f x (X) = \ r - a 1 (x)X r - 1 + ... + (-l) r a r (x). (1.2) 

Its degree r is called the rank of V. For 1 < j < r the function aj(x) is a ho- 
mogeneous polynomial on V of degree j. Every such polynomial Oj(x) is invariant 
under automorphisms of V, i.e. invertible linear transformations g G GL(V) which 
preserve the Jordan product: 

g(x ■ y) = gx ■ gy \/x,yeV. 

In particular, the Jordan trace 

tr(x) := a,i(x) 

and the Jordan determinant 

det(x) := A(x) := a r (x) 

are invariant under automorphisms. (To avoid confusion, we write Tr and Det for 
the usual trace and determinant of an endomorphism.) For x = e the identity 
element we have (cf. [FK94, Proposition II.2.2]): 

tr(e) = r, det(e) = 1. (1.3) 

An element x G V is called invertible if there exists y G K[x] such that xy = e = yx. 
The inverse y is unique and we write x" 1 := y. An element x is invertible if and only 
if A(x) 7^ 0, and in this case A(x)a; _1 is polynomial in x (see |FK94[ Proposition 
II. 2. 4]). The differential of the map x h- > x~ l is given in terms of the quadratic 
representation: 

D u (x- 1 ) = -P(x) _1 w. 
The symmetric bilinear form 

r(x,y) := tr(xy), x,y eV, 
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is called the trace form of V. The trace form is associative, i.e. 

r(xy, z) = r(x,yz) Vx,y,zeV. 

If r is non-degenerate, we call V semisimple, and if K = R and r is positive definite, 
we call V euclidean. Further, V is called simple if V is semisimple and has no non- 
trivial ideal. From now on we assume that K = R. 
An involutive automorphism a of V such that 

(x\y) := r(x,ay) 

is positive definite, is called Cartan involution of V . Such a Cartan involution 
always exists and two Cartan involutions are conjugate by an automorphism of V 
(see [Hel69l Satz 4.1, Satz 5.2]). We have the decomposition 

V = V + © V 

into ±1 eigenspaces of V . It is further easy to see that 

V ± ■ V ± C V + , 
V + ■ V~ C V~. 

Hence, the +1 eigenspace V + is a euclidean Jordan subalgebra of V with the same 
identity element e. Note that if V itself is already euclidean, then the identity 
a = idy is a Cartan involution and since two Cartan involutions are conjugate, it 
is also the only Cartan involution. In this case clearly V + = V and V~~ = 0. 

We denote by no and ro dimension and rank of V + and call ro the split rank of 
V. The constants hq and ro only depend on the isomophism class of the Jordan 
algebra V, not on the choice of a. In fact, if f3 is another Cartan involution, then 
(3 = gag' 1 for an automorphism g. Hence, gV + is the +1 eigenspace of (3 which is 
clearly isomorphic to V + as Jordan algebra. Therefore, dimension and rank of V + 
and gV + have to coincide. 

One can use the Cartan involution to show that the Jordan trace can be written 
as the trace of an endomorphism on V. 

Lemma 1.1.2. Let V be a simple real Jordan algebra such that V + is also simple. 
Then 

n 

Tv(L(x)) = -tr(x), x £ V. (1.4) 

r 

Proof. By |FK94[ Proposition II. 4. 3] the symmetric bilinear forms tr(xy) and 
Tr(L(xy)) are associative. Since V + is simple, by |FK94} Proposition III. 4.1] every 
two symmetric associative bilinear forms on V + are scalar multiples of each other. 
Hence, there has to be a constant A G R such that Tr(L(x)) = A tr(x) for all x G V + . 
Putting x = e we find with (II. 3p that A = -. It remains to show (II. 4p for x G V~. 
But in this case tr(x) = tr(ax) = — tr(x) and hence, tr(x) = 0. On the other hand, 
Tr(L(x)) = Tr(aL(x)a) = Tr(L(ax)) = —Tr(L(x)) and therefore also Tr(L(x)) = 
which shows the claim. □ 



11 



Chapter 1. Jordan theory 



Example 1.1.3. (1) Let V = Sym(n, R) be the space of symmetric nxn matrices 
with real entries. Endowed with the multiplication 

x-y := ^(xy + yx) 

V becomes a simple euclidean Jordan algebra of dimension ra(ra ~ 1 - ) and rank 
n. Trace and determinant are the usual ones for matrices: 

tr(x) = Tr(x), det(x) = Det(x). 

Hence, the trace form is given by r(x,y) = Tr(xy). The inverse x" 1 of x G V 
exists if and only if Det(x) ^ and in this case x~ x is the usual inverse of the 
matrix x. 

(2) Let V = R x W where W is a real vector space of dimension n — 1 with a 
symmetric bilinear form /3 : W x W — > R. Then V turns into a Jordan algebra 
with multiplication given by 

(A, u) • (/i, v) := (A/i + j3(u, v), Xv + fiu). 

V is of dimension n and rank 2. Trace and determinant are given by 

tr(A, u) = 2A, det(A, u) = A 2 - u), 

and an element (A,m) e V is invertible if and only if det(A,-u) = A 2 — (3(u,u) ^ 
0. In this case the inverse is given by (A,^)" 1 = det ^ A ^ (A, —u). The trace 
form can be written as 

T{(X,u),{ f JL,v)) = 2(\fJL + fi{u,v)). 

Hence, V is semisimple if and only if /3 is non-degenerate and V is euclidean 
if and only if /3 is positive definite. For W = W~ 1,q = M p+I3_1 with bilinear 
form (3 given by the matrix 



— lp-i 



1, 



we put M M :=lx W~ 1 ' q , p > 1, q > 0. Then 

r(x, y) = 2(xiyi - x 2 ?/2 - ... - x p y p + + . . . + x p+q y p+q ), 

a / \ 2i , 2 2 _2 

L1{X) — X 1 -+- . . . -+- X p X p+1 . . . X p +q- 

Thus, W' q is euclidean if and only if p — 1. In any case, a Cartan involution 
of R. p ' q is given by 

a = I -Vi I . (1.5) 



With this choice the euclidean subalgebra (IR P,<? ) + amounts to 
(RP.«)+ = R ei © Me p+1 © . . . Re„ = R 1,q . 
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1.2. Peirce decomposition 

From now on let V be a simple real Jordan algebra, a a Cartan involution and 
assume that V + is also simple. We introduce the Peirce decomposition of V which 
describes the structure with the use of idempotents. From the Peirce decomposition 
we derive some formulas that are needed later. 

1.2.1. Peirce decomposition for one idempotent 

Let c G V + be any idempotent, i.e. c 2 = c. By [FK94, Chapter VI. 1] the only 

possible eigenvalues of the operator L(c) are 0, | and 1. Since L(c) is symmet- 
ric with respect to the inner product ( — |— ), this gives the following orthogonal 
decomposition: 

V = V(c,l)®V(c,l)®V(c,0), (1.6) 

where 

V(c,X) = {x G V : L(c)x = Ax}. 

(jl.6p is called Peirce decomposition corresponding to c. Since L(c) is also symmetric 
with respect to the trace form r, the decomposition in (II. 6ft is also orthogonal with 
respect to r. The subspaces V(c, 1) and V(c, 0) are subalgebras of V with unit 
elements c and e — c, respectively. Hence V(c, 1) • V(c, 1) C V(c, 1) and similarly 
for V(c, 0). We have the following additional inclusions (cf. |FK94[ Proposition 
IV.1.1]): ' 

V(c,l)-V(c,0) = 0, 
{V{c,l) + V{c,0))-V{c,±) C V(c,§), 

V{c,l)-V(c,l)CV{c,l) + V(c,0). 

The projection onto V(c, 1) in the Peirce decomposition (II. 6p is given by P(c) (see 
p<94l Chapter IV, Section 1]). 

1.2.2. Peirce decomposition for a Jordan frame 

An idempotent is called primitive if it is non-zero and cannot be written as the 
sum of two non-zero idempotents. Further, two idempotents c\ and C2 are called 
orthogonal if C\C2 = 0. A collection c%, . . . , Ck of orthogonal primitive idempotents in 
V + with c\ + . . . + Ck = e is called a Jordan frame. By |FK94[ Theorem III. 1.2] the 
number k of idempotents in a Jordan frame is always equal to the rank Tq of V + . For 
every two Jordan frames cj, . . . , c ro and c?i, . . . , d ro there exists an automorphism g 
of such that gci = di, 1 < i < r (see |Hel69[ Satz 8.3]). 
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Now choose a Jordan frame ci, . . . , c ro in V + . Then the operators L(ci), . . . , L(c ro ) 
commute by |FK94} Proposition II. 1.1 (1)] and hence are simultaneously diagonaliz- 
able. Since each L(cj) has possible eigenvalues 0, \ and 1 and ^!=i -^( c «) = L(e) = 
idy, this yields the Peirce decomposition 

^=0 % (1-7) 

l<i<j'<ro 

where 

V u = V{c h 1) for 1 < % < r Q , 

Vn = V(ci, f ) n V{ Cj , |) for 1 < i ^ j < r . 

Since the endomorphisms L(ci), 1 < z < ro, are all symmetric with respect to the 
inner product (— |— ), the direct sum in (II. 7p is orthogonal. As previously remarked, 
the group of automorphisms contains all possible permutations of the idempotents 
Ci, . . . , c ro . Therefore, the subalgebras Vu have a common dimension e + 1 and the 
subspaces (i < j) have a common dimension d. Then clearly 

n . . d , . 

_ = e + l + (r -l)-. (1.8) 

We call a Jordan algebra V reduced if V# = Re, for every i = 1, . . . ,Tq, or equiv- 
alently if e = 0. From |Hel69l §8, Korollar 2] it follows that if V is reduced, then 
r = ro, and if V is non-reduced, then r = 2r$. We can write rk(Vjj) = Eu- 
clidean Jordan algebras are always reduced (see |FK94t Theorem III. 1.1]). Hence 
:= Vu H V + = Eq. If we denote by d the dimension of V^ := Vy fl V + (z < j), 
then equation (11.81) for the euclidean subalgebra V + reads 

^ = 1 + (r °- 1) y 

Tables IA.1I and IA.2I list all simple real Jordan algebras with simple V + and their 
corresponding structure constants. A close look at the table allows the following 
observation: If V is non-euclidean, then d = 2do except in the case where V = M. p,q 
with p 7^ q. We state and prove this observation without using a classification 
result. 

Proposition 1.2.1. Let V be a simple real Jordan algebra of split rank Tq > 2, a 
a Cartan involution and assume that V + is also simple. Then exactly one of the 
following three statements holds: 

(1) V is euclidean and in particular d = do, 

(2) V is non-euclidean of rank r > 3 and d = 2do, 

(3) V = M p ' 9 ; p,q>2. 
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Proof. Since r > r , we have r > 2. If V is of rank r = r = 2, then V = MP' q , 
p, q > 1, by [BK66, Chapter VI, Satz 7.1]. In the case where p = 1 the algebra V 
is euclidean. The case q = 1 cannot occur, because then V + = R 1 ' 1 which is not 
simple. 

Now, if V is non-euclidean of rank r > 3, then either r = r or r = 2r . If r = r , 
then r > 3 and by |Hel69l end of §6] we have d = dim = dim = d — d for 
i < j and hence d = 2d . If r = 2r , then Va ^ Mcj for z = 1, . . . , r and by [Hel69, 
Lemma 6.3] we obtain the same conclusion. This finishes the proof. □ 

Example 1.2.2. (1) For V = Sym(n, M.) the matrices q := En, 1 < i < n, form 
a Jordan frame. The Peirce spaces are given by 

Va = IRQ for 1 < i < n, 

Vij = R(E i:i + Eji) for 1 < i < j < n. 

Hence, d — 1. 

(2) For 1/ = M p ' 9 , p, g > 1, a Jordan frame is given by c\ = \{e\ + e n ), C2 = 
|(ei — e n ), n = dim(V) = p + q. The Peirce spaces are 

V n = Rci, 

V12 = Me 2 © . . . ©Re„_i, 
^22 = Mc 2 . 

Therefore V is reduced, i.e. e = 0, and d = p + q — 2, do = q — 1. 

1.2.3. Applications 

Using the Peirce decomposition we do some calculations that we need later on. First, 
to use inductive arguments, we calculate the trace of the lower rank subalgebras 
V(c,l) for c G V an idempotent, and also on V + 

Lemma 1.2.3. Let V be a simple Jordan algebra such that V + is also simple. 

(1) For x G V + we have 

try+(x) = — try fx). 
r 

(2) Let c be an idempotent in V + . Then for x G V(c, 1): 

tr v (x) =tr V ( C) q(x). (1.9) 

Proof. We only prove the second statement. The first statement follows by the 
same arguments. 

Both try{xy) and tryt c ,i){xy) are associative symmetric bilinear forms on the eu- 
clidean simple Jordan algebra V + (c, 1). By |FK94[ Proposition III. 4.1] they are 
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scalar multiples of each other and hence tiy(x) = A tryv c n (a?) for x G V + (c, 1). 
We claim that A = 1. In fact, write c = c± + . . . + c/~, where Cj G V + (c, 1) are 
orthogonal idempotents which are primitive in V + (c, 1). Then k = rk(V + (c, 1)) = 
—rk(V(c, 1)). The idempotents q are also primitive in V + and we can extend the 
system to a Jordan frame c\ , . . . , c ro in V + . Since the group of automorphisms con- 
tains all possible permutations of c\, . . . , c ro and leaves the trace invariant, we find 
with fOD that 

tay(c) = fctry(ci) = — tayfci + . . . + c n ) = — try(e) = k—. 
On the other hand, 

trv (c ,i)(c) =rk(V(c,l)) = k— 

and hence A = 1. It remains to show (jl.9p for x G V~(c, 1). In this case 
try(x) = tiy(ax) = —try (a;) and therefore try (a;) = 0. The same argument works 
for try( Cj i)(x) since ac = c and hence a restricts to an automorphism of V(c, 1), 
leaving try( Cj i) invariant. This finishes the proof. □ 

The next statements are needed to calculate the action of the Bessel operator in 
Section 11.71 and the Casimir operator in Section 12.31 

Lemma 1.2.4. Let (e a ) a be an orthonormal basis of V with respect to (— |— ) and 
(e a ) a the dual basis with respect to the trace form r(— , — ), i.e. e a = a(e a ). Then 

E, 2n — n \ _ n 

e a = e and y. e » • e a = — e. 

a a 

Proof. It is easily seen that the elements Y2 a e a an( ^ Y2 a e a ' e Q are independent of 
the choice of the orthonormal basis. Since the Peirce decomposition V = @i<jVij is 
orthogonal with respect to (— |— ), we can choose an orthonormal basis (e a ) a such 
that each e a is contained in one of the V%j, i < j. Furthermore, since the Cartan 
involution a leaves each Vij, i < j, invariant, we can even choose the e a to be either 
in VJ := n V+ or in V { J := Vy PI V~. 

(a) Let e a G V£. Then e a = Ac; with A = HctH -1 = by LemmaPJ(2). 
Hence 

e 2 = — & and dimK+ = 1. 

(b) Let e a G V^~. Then e 2 a G V^ 1 " = Rcj and therefore e 2 = Aq. Since 

= -r(e«,e) = -Ar(q,e) = -A||ci|| 2 = -A—, 
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we obtain 

ei = — -a and dimV^7 = e. 

y 

(c) Let e a G V£-~, i < j. Then G V^* + and hence e| = Aq + /ic-,-. Similar 
to the calculation in (b) one obtains A = \i — and hence 

e 2 a = ^-(q + Cj) and dimV^ = d . 

(d) Let e a G VjJ, i < j. Applying the same arguments as in (b) and (c) yields 

e 2 Q = -^i c i + c j) an d dim — d - do- 

Putting everything together gives 

ro 

E4 = E£4+ £ £ 

r r ° r 1 

i=l l<i<j<ro 

r ^2(l + ( ro -l)|)-(e + l + (r„-l)|))f:c i 



2no — n 



The second formula follows from the first as follows. Choose an orthonormal basis 
(e a ) a of V with e a G V + U V~. By Lemma 11. 2. 31 (1) the elements \Jr/r Q e a with 
e a G V + form an orthonormal basis of V + . Further, e a = ae a and we calculate, 
using the first formula: 



q, a a. a. a. 

e a £V + e a £V~ e a £V+ e a ^V 



el 



r n 2n -n\ n 
2 — ■ e = — e. □ 



r r r J r 

Lemma 1.2.5. Let c G V + be a primitive idempotent and (e a ) a an orthonormal 
basis ofV with respect to (— |— ). Then 



E^=T(5-*- e + 1 V + T(*-5 



e. 
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Proof. Again it is easily seen that the expression P(e a )c is independent of the 
chosen orthonormal basis. Since the Peirce decomposition V = V(c, 1) © V(c, |) © 
V(c,0) is orthogonal, we can choose an orthonormal basis (e a ) a such that e a G 
7(c,l)U7(c,i)U7(c, 0) for every a. Then, by Lemma Ql (2) , the e a in 7(c, 1) 
form an orthonormal basis of V(c, 1) and those e a in V(c, 0) = V^(e — c, 1) form an 
orthonormal basis of V(c, 0). Now let us determine the action of P(e a ) on c for the 
following three cases: 

(a) e a G V(c, 1). Since V(c, 1) is a subalgebra, also e 2 a G V(c, 1). Hence 

P{e a )c = 2e a (e a c) - e 2 a c = 2e 2 a - e 2 a = e 2 a . 

(b) e a G V(c, |). In this case 

P{e a )c = 2e a (e a c) - e 2 a c = e 2 a - e 2 a c = (e - c)e 2 a . 

(c) e a G V(c, 0). Also V(c, 0) is a subalgebra and hence G V(c, 0). Then 
clearly 

P(e a )c = 2e Q (e Q c) - e^c = 0. 

Altogether we obtain 

£P(e Q )c= J2 ^ + (e-c) £ 

a a a 

e a eV(c,l) e a eV(c,|) 

Q, O O 

e Q 6V(c,l) e a £V(c,0) 



Put n c := dim V(c, 1), n Cj o := dim V^ + (c, 1), r c := rkV(c, 1) and similarly for e — c. 
We have 

n c = e + 1, n e _ c = (r - l)(e + 1) + (r - l)(r Q - 2)-, 

" c ,o = 1, n e - C;0 = (r - 1) + (r - l)(r - 2)y, 

r r 

r c = — , r e _ c = (r - 1) — , 

r r 



and hence, using Lemma 11.2.41 

£^)c=^^(e-c) + 



2n -n 2n c0 — n c 2n e _ c0 -n e _ c 

- c e — c 



Q 
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Lemma 1.2.6. Let (ej)j C V be an orthonormal basis of V with respect to the 
inner product (— |— ). Then for x EV : 



^^r(P(ax } aej)x } ej) = —(x\x). 

3=1 T 



Proof. Using Lemma 11.1.21 we obtain 



;i.io) 



r(P(ax, aej)x, ej) 

3=1 



r((axDx)(aej), ej 



3=1 



}ax) 



((xnax)ej\ej) = Tr(xDc 

3=1 

Tr(L(x ■ ax) + [L(x), L(ax)]) = Tr(L(x ■ ax)) 



n 



-true ■ ax) 



n 



(x\x) 



□ 



1.3. The constants ll and v 

For every Jordan algebra V we introduce another two constants /x and v by 



n 



fi = fi(V) :=- + 



do — - 



v = u(V) := - 



d n - - 



e- 1. 



1.11) 



These constants will appear as parameters of certain special functions in the minimal 
representation. Using Proposition 11.2.11 we can calculate /x and v explicitly: 



;f -i,-i) 



if V is euclidean, 
e — 1) if V is non-euclidean of rank r > 3 

max(p, q) - 2, min(p, q) - 2) if U = p,q>2. 



I n O « 

vr Z ' 2 



Let us collect some basic inequalities for /x and v here. 

Lemma 1.3.1. If V is a simple Jordan algebra of split rank ro > 2, i/ien 

{!) H + v>-l, 

(2) /x - z/ > 0, 

(3) /x>-±. 

Proof. First note that r > 2 by assumption and d > 1. (If d — 0, then V is be the 
direct sum of the ideals U(cj, 1), 1 < i < r , and hence not simple.) Together with 
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fll.Sp we obtain: 



\i + v 



fl — V 



n d 

- + -- e -3 
r 2 

^-2>-l, 
2 

™ -^ + 2 
r 2 



(r -2)- + 2 



dn - 



+ e- 1 
d 

+ 2e > 0. 



Finally (3) is a direct consequence of (1) and (2) which finishes the proof. 



□ 



Denote by S the set of all possible values of (//, z/), excluding the cases for which 
it will turn out that there is no minimal representation: 

E := {(fJ*(V), i'(V)) : V is a simple real Jordan algebra 

of split rank r > 2, V + is simple and if r = 2, then n is even}. 



The classification of all simple real Jordan algebras (see Table IA.3j) allows us to 
compute the set 5 explicitly: 



{(/i, -1) : n G iN } U {(/i, 0) : /i 6 N } U {(^t, z/) : i/ G N , /m + v G 2Z}. 



Note that z/ is always an integer since 



v = min(d, 2d ) — do — e — 1, 
whereas /i is in general only a half-integer (e.g. for V = Sym(n, R)). 



1.4. The structure group and its Lie algebra 

We define the structure group of a Jordan algebra. Further, we give a root space 
decomposition of its Lie algebra which is adapted to the structure of the Jordan 
algebra. 



1.4.1. The structure group 

Denote by g# the adjoint of g G GL(V) with respect to the trace form r. 
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Definition of the structure group 

The structure group Str(V) of V is the group of invertible linear transformations 
g G GL(V) such that for every invertible x G V the element gx is also invertible 
and 

(gx)' 1 = g~*x~ 1 . 

Str(V) is a real reductive group (see |Loo77[ Corollary 8.8]). By [FK94, Proposition 
VIII. 2. 5] an equivalent description of the structure group is given in terms of the 
quadratic representation: g G GL(V) is in the structure group if and only if 

P(gx) = gP(x)g#, V x G V. (1.12) 

There is yet another equivalent description of Str(V) in terms of the Jordan de- 
terminant. Namely, it is easy to see (cf. [FK94, Chapter VIII, Exercise 5]) that 
g G GL(V) belongs to the structure group if and only if there exists a constant 
X(g) G K x with 

det(gx) = x(g)det(x) V x G V. (1.13) 

The map \ : Str(V) — > IR X is given by x(sO = A(ge) and defines a character of 
Str(V). Using this equivariance property we can now calculate derivatives of the 
Jordan determinant A(x). For the proof we denote by £ the left-regular represen- 
tation of the structure group Str(l / ) on functions / which are defined on V: 

(£(g)f)(x):=f(g- 1 x). (1.14) 

Lemma 1.4.1. The derivative of A in a point x (zV in direction u G V is given 
by 

D u A{x) = A(z)r(x -1 ,u). (1.15) 

Proof. By |FK94[ Section II. 2] the generic minimal polynomial of x is given by 
fxW — A(Xe — x). Hence 



A,A(e) = I 



t=o aL 



(1 + tr(u)t + higher order terms) = tr(it) 



t=o 



Now let x = ge with g G Str(l / ). Then £(g 1 )A = A(ge)A = A(x)A and hence, by 
the chain rule, 

D u A{x) = ZVi^GT^AXe) = A^tr^-^) 
= A(x)r((yf _ *e, u) = A(x)r(x~ 1 , u). 

Now, the orbit of Str(V) containing e is open and both sides of (11.15)) are polyno- 
mials in x. Therefore fll . 15 j) must hold for every x G V . □ 
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The automorphism group 

The group Aut(V) of automorphisms of V is a subgroup of Str(V). In fact, it 
is exactly the subgroup of Str(V) stabilizing the identity element e (see [FK94, 
Proposition VIII. 2. 4 (ii)]). Moreover, (Str(V), Aut(V)) is a symmetric pair: The 
map 

a : Str(V) -> Str(V), g H- <T # := = 

defines an involution of the structure group and with |FK94[ Proposition VIII. 2. 6] 
it is easy to see that 

Str(F)o C Aut(V) C Str(V) a . (1.16) 

If U is euclidean, then cr is a Cartan involution and hence, Aut(V) is compact. 
However, this is not true in general. Corresponding to the involution a, the Lie 
algebra str(V) = Lie(Str(V)) splits into the direct sum of the ±l-eigenspaces of a 
(see [IFK941 Proposition VIII.2.6]): 

sit{V) = fj + q, (1.17) 

where 

t) := {X G fite(V) : a{X) = X} 

= 5et(V) := {D G End(^) : ■ y) = ■ y + x ■ Dy Vx,y e V}, (1.18) 
q := {X G Stt(y) : a(V) = -V} 

= L(y) = {L(x) : x G V}. (1.19) 

The Lie algebra dtx(V) of derivations is the Lie algebra of Aut(V). The defining 
property for a derivation can be equivalently written as [D, L{x)\ = L(Dx) for all 
x G V. Hence, in the decomposition (I1.17P the Lie bracket is given by 

\L{x) + D, L(x') + D'} = L(Dx' - D'x) + ([L(x), L(x')} + [D, D'\) (1.20) 

for x,x' G V and D,D' G Oer(V). Note that for y G y the commutator 
[L(x),L(y)] is a derivation. Finite sums of derivations of this type are called inner 
derivations. Since V is semisimple, every derivation is inner (see |Jac491 Theorem 
2]). A direct consequence of this fact is that the trace of every derivation vanishes, 
since the trace of every commutator vanishes: 

Tr(£>) = VDGM(V). (1.21) 

Using Lemma [1.1 .21 we also obtain 

tr(Dx) = —Tr(L(Dx)) = —Tr([D,L(x)]) = VD G 3et(V), x G V. (1.22) 

n n 

In Section 11.2.21 we remarked that the automorphism group acts transitively on 
the set of Jordan frames in V + . We can now give a more precise version of this 
statement. 
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Lemma 1.4.2. Let V be a simple Jordan algebra such that V + is also simple. Then 
for any two Jordan frames C\, . . . , c ro and d\ , . . . , d TQ in V + there exists a derivation 
D G dcx(V) with aD = Da such that 

e D Ci = dt Vi = l, ...,r . 

Proof. By |Hel69t Satz 8.3], applied to V + , there exists an element h G Aut(V + )o 
such that hci = di for all i — 1, . . . , r . Since Aut(l/ + )o is compact, it is the image 
of its Lie algebra under the exponential map. Therefore, there exists a derivation 
D G t)tx.(y + ) such that h = e D . All derivations in dtx(V + ) are inner and hence D 
extends to V with the property that aD = Da which shows the claim. □ 

A Cartan involution 

The involution a is in general not a Cartan involution of stx(V) (only if V is eu- 
clidean). To obtain a Cartan involution we have to conjugate with the Cartan 
involution a of V. In fact, the involution 

9 : Str(V) Str(V), g i-> g~* = ag~*a, 

where * denotes the adjoint with respect to the inner product (— |— ), is a Cartan 
involution of Str(V). The fixed point set Sti(V) e of 6 is therefore a maximal compact 
subgroup of Str(V). By definition Str(V) e is also the intersection of Str(V) with 
the orthogonal group of the inner product (— |— ). Note that if V is euclidean, then 
a = 1 and hence 9 = a. As previously remarked, in this case the automorphism 
group Aut(y) is compact. 

Returning to the general case, it is easy to see that a commutes with the Cartan 
involution 9. Hence, 0(f)) = fj and also 0(Aut(V)) = Aut(V). Then by }War72l 
Corollary 1.1.5.4] Aut(V) is a real reductive group. 

The Cartan decomposition of the Lie algebra str(V) with respect to 9 is given by 

stx(V) = t t + pi, 

where 

fil := {X G 5tv(V) : 9(X) = X} 

= {L(x) + D : x e V~ , aD = Da}, (1.23) 
pi = {X G 5it(V) : 9{X) = -X} 

= {L(x) + D : x eV + ,aD = -Da}. (1.24) 

Now, let L be the subgroup of GL(V) generated by the identity component 
Str(V)o of the structure group and the Cartan involution a. Clearly 

Str(V) UC Str(V). 

L has at most two connected components, namely Str(l/)o and aStr(y)o- Denote 
by [ = str(V) its Lie algebra. The involutions 9 and a leave L invariant since 
9(a) = o~(a) = a. Then Kl '■= L e is a maximal compact subgroup of L. 
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Example 1.4.3. (1) The structure algebra of V — Sym(n, R) is easily seen to be 
stx(V) = g[(n,R) = sl(n, R) © R, acting by 

X-a = Xa + aX t for X G fll(n, R), a G V. 

Integrating this action to the universal cover and factoring out the elements 
that act trivially shows that the identity component of Str(V) is isomorphic 
to R + SL(n, R), acting by 

g ■ x = gxg 1 for g G R + SL(n, R), x G V. 

Since V is euclidean, L = Str(V)o- The maximal compact subgroup of L is 
Kl = SO(n), acting by conjugation. 
(2) For V = W' q the characterization f 1 1 . 1 3 j) can be used to show that the structure 
group is given by 



Str(y) 

where 



-0(p,q) ifpy^q, 
.0(p,q)U g -R + O(p,q) if p = q, 



go 



o i p 
1„ o 



Then clearly Str(V)o = M+SO(p, q)®. By (II. 5p the Cartan involution a is 
contained in Str(V)o if and only if p is odd. In this case L = Str(V r )o- If p 
is even, L = Str(V)o U aStr(V)o. The maximal compact subgroup of L Q is 
(K L ) = SO(p) x SO(g). 



1.4.2. Root space decomposition 

As a preparation for the root space decomposition we prove a simple lemma con- 
cerning derivations of the form [L(c),L(u)\ with c an idempotent. 

Lemma 1.4.4. (1) Let c G V be an idempotent. Then for any u G V(c, 1) + 
V(c,0): 

[L(c),L(u)] = 0. 

(2) Let Ci, C2 (zV be orthogonal idempotents. Then for any u G V(c\, ^)C\V(c2, \): 

[L{c 1 ),L(u)] = -[L{c 2 ),L(u)]. 

Proof. (2) follows directly from (1) with c := C\ + C2. For (1) we let U\ G V(c, 1) 
and M2 ^ V(c, 0). Using [FK94J Proposition II. 1.1 (i)] we find that 

[L(ux),L(c)] = [L( Ul ),L(c 2 )} = -2[L(c),L(u lC )] 
= -2[L(c),L(u 1 )] = 2[L(u 1 ),L(c)] 
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and 



[L(u 2 ),L(c)) 



[L(u 2 ),L(c 2 )} 



2[L(c),L(« 2 c)] = 0. 



This finishes the proof. 



□ 



Now, the subalgebra 



a 



:= J2 RL (d) Q I 



(1.25) 



i=l 



is abelian by |FK94[ Proposition II. 1.1 (1)]. We even have the following lemma: 
Lemma 1.4.5. a is maximal abelian in L(V + ). 

Proof. By the Peirce decomposition of V + it suffices to show that there exists no 
non-zero element x = X^<j x ij> x ij e Vij> with [£( x )> L(cj)] = for all z = 1, . . . , r . 
If x is such an element, then for % < j we have 

= [L(x),L(ci)]cj = Ci(cjx) = ^Xij 

and hence x — 0. □ 

A basis of the dual space o* of a is given by the functionals E\, . . . , e ro , where for 
i = 1, . . . ,r : 



\i=i / 

Denote by S([, a) C o* the set of non-zero weights of I with respect to a. 
Proposition 1.4.6. The set £([, a) is a rooi system of type A ro _i and given by 




(1.26) 




(1.27) 



The corresponding root spaces amount to 



|L(x) + [L(q),L(x)] : x G ^} 



(1.28) 



/or i 7^ j and 




(1.29) 
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Proof. Let 7 = J2Zi li £ i e a) and 7^ X = L(x) + DeL. Since 7 7^ 0, there 
is 1 < « < To such that 7, 7^ 0. Hence, by (11.20p : 

7i (L(x) + D) = % X = [L(a),X\ = L(-Da) + [L(a),L(x)]. 

Therefore, D = 7~ 1 [L(c i ), L(x)] and 

x = -j^Dx = -% 2 [L(a),L(x)]a = -7 l ~ 2 (c i (c i x) - ax). 

Write x = x\ + xi + Xq in the Peirce decomposition relative to a, i.e. x\ G V(a, A), 
A = 0, §, 1. Then 

Cj(cjx) CjX 

and hence x = (27j)~ 2 xi G |). This implies x = xi and 7, = ±|. Altogether 
we obtain 

X = L(x) ± 2[L(a), L(x)), with x G V(a, §)■ 

Now, if 7j = for every j 7^ z, then for every j 7M we have 

0=[L(c l ),L(x)] Cj =c J (c,x)=c,(c,x) = i C ,x. 

But this is only possible if x = since x G V(ci, |) = V^-. But x = implies 

X = which contradicts our assumption. Therefore, there has to be j 7^ i such that 
7j 7^ 0. The same argument as above shows that x G V(cj, |) and hence x G VJj. 
Thus, by Lemma 03 (2): 

X = L(x) ± 2[L(ci), L(x)\ = L(x) T 2[L( Cj ), L(x)], 

and a direct computation shows that 7 = ± £ ' 2 £j . It remains to compute Iq. An 
element X = L(x) + -D G 1 is in if and only if for every % = 1, . . . , ro we have 

= [L(q),X] = LC-Dci) + [L(q),L(x)]. 

This is equivalent to Da = and [L(a),L(x)] = for all % = l,...,r . Clearly 
x G 52i=i ^ii nas this property by Lemma [1.4.4l (1). Conversely, let [L(a), L(x)} = 
for every i = 1, ...,ro. Write x = Ei<j<,< ro £ij in the Peirce decomposition, i.e. 
Xy G Vij, 1 < i < j < fo- Then by Lemma [1.4.41 (1) we find that for all i < j: 

1 



= [L(a),L(x)]cj = -Xij 
and hence x = YliLi x u Y2l=i which finishes the proof. □ 
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We choose the positive system 

a) = : 1 < i < 3 < r } ■ (1-30) 

Later we also need some information about the center of I. 
Lemma 1.4.7. For the center Z(t) of [ we have the following inclusions 

ro 

E(e)a([)C^I(g (1.31) 

i=l 

Proof. The first inclusion of f 1 1 . 3 1 j) is clear since L(e) = idy. For the second inclu- 
sion let L(x) + D G Z{[). Then by (QUI) for every x' G V: 

= [L(x) + D, L(x')} = L(Dx') + [L(x), L(x')\ 

Hence, D = and [L(x),L(x')] = for every x' G V. Write x = Yli<j x ij m ^ s 
Peirce decomposition, i.e. x^ G Vij. Then for i < j: 

0=[L( Cl ),L(x)} Cj = ^f. 

Therefore, x G YH=i Vu and the proof is complete. □ 

Remark 1.4.8. In general one does not have Z(l) = RL(e). For instance, let V is 
a simple real euclidean Jordan algebra and view its complexification Vfc also as real 
Jordan algebra. Then Vc is also simple and the center Z(sit(Vc)) contains at least 
CL(e). 

1.5. Orbits of the structure group and equivariant 
measures 

There are only finitely many orbits under the action of Str(V)o on V. An explicit 
description of these orbits can be found in [Kan98] . We will merely be interested 
in the open orbit of Str(V)o containing the unit element and the orbits which are 
contained in its boundary. On these orbits we construct equivariant measures. This 
yields L 2 -spaces on which we later construct unitary representations. 

1.5.1. The open cone Q 

Let Q = Str(V)o ■ e be the open orbit of Str(V)o containing the identity element of 
the Jordan algebra. Q is an open cone in V. Since ae = e, we also have Q = L ■ e. 
If we denote by H the stabilizer subgroup of e in L, then the cone Q = L/H is a 
reductive symmetric space. In fact, H = L fl Aut(V) and therefore, by (I1.16P we 
have Lq C H C L a which shows that (L, H) is a symmetric pair. 
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Example 1.5.1. (1) For V = Sym(n, R) the cone Q is the convex cone of sym- 
metric positive definite matrices: 

11 = {i£ Sym(n, M.) : all eigenvalues of x are positive}. 

(2) For V = W' q we have to distinguish between two cases. If p — 1, q > 2, then 
Q is the convex cone given by 

Q = {xe R 1,g : x x > 0,xl 

For p, q > 2 we have 

Sl = {iG W p ' q :x\ + ...+xl 

which is not convex. 

In the case where V is euclidean, H = Kl and hence Q is a Riemannian symmetric 
space. In this case a polar decomposition for Q is given in |FK94[ Chapter VI, 
Section 2]. 

To derive a polar decomposition also in the general case, we follow |vdB05l Chap- 
ter 3]. Consider the involutions a and 9 on the Lie algebra level. In the decompo- 
sition (I1.17P they are given by 

a(L(x) +D) = -(L(x) + D)* = -L(x) + D, 
6{L(x) + D) = ~{L(x) + D)* = -L(ax) + aDa 

for x G V and D G Oer(V). The decomposition of I into ±l-eigenspaces of a and 9 
is written as 

[ = ti + Jj, = h + q 

with the notation of fll.lSp . ( I1.19p . f ll.23p and f ll.24p . Since a and 9 commute, we 
obtain the decomposition in simultaneous eigenspaces 

[ = (i t n fj) + (ti n q) + (pi n h) + (p t n q). 

Put 

1+ : = ({, n h) + (pt n q) = {L(x) + D : x <E V + , aD = Da} S six(V + ) } (1.32) 
r := (ti n q) + (p, n h) = {L(x) + D :x eV-,aD = -Da}. (1.33) 

Since pifiq = L(V + ), the subspace o C p[flq as defined in (I1.25P is maximal abelian 
by Lemma Tl. 4. 51 Let A := exp(a) be the corresponding analytic subgroup of L and 
put 

a+ := 1 -ti> ...>t r A . (1.34) 



- x 2 2 - . . . - x 2 n > 0}. 

— x p+i ~ ■ ■ ■ ~ x n > 0}, 
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Proposition 1.5.2. (1) The group L decomposes as L = K^AH and the orbit Q 
has the polar decomposition Q = K^A ■ e. 
(2) Up to scalar multiples there is precisely one invariant measure on Q = L/H 
which is given by 

f(x) dv(x) = / f f(kexp(X) ■ e)J(X)dXdk, 

U JK L Ja+ 

where dk is a Haar measure on K^, dX a Lebesgue measure on a and 

j(jTtMcA= II sinh^(^)cosh^(^). (1.35) 

\i=l / l<i<j<ro ^ ' ^ ' 

Proof. (1) This is [vdB05, Lemma 3.6]. 
(2) By Proposition 11.4.61 the root system £([, a) is of type A- -i- Hence, the 
positive Weyl chamber corresponding to the positive system (jl.3Uj) is precisely 
a + . Let W := N Kl (<x) / Z KL (a) be the Weyl group of the root system £([, a) 
and Wk l c\H '■= NK L r\H(o)/ZK L r\H(o), viewed as a subgroup of W. Then, by 
|vdB05, Theorem 3.9] the unique invariant measure on L/H (up to scalar 
multiples) is given by 

f f{x)dv{x) = V f f f(kexp(wX) ■ e)J(X)dXdk, 

JO. r imrmr JKt, Ja+ 



[w]eW/W KL nB 



where 



J(X) = \ J sinh m " a(X) cosh m " a{X) 

aeS+([,o) 

with = dim t^. Observe that W is the symmetric group on 

{L(ci), . . . , L(c ro )}, as it is the Weyl group of the root system £([, a) of type 
A- -i- We claim that Wk l dh — W. In fact, let tt be any permutation on 
{l,...,r }. By Lemma 11.4.21 there is a derivation D G Oet(V) such that 
aD = Da and e D Ci = c^j). Thus, by (11. 23ft we have D G l[. Hence, e D G 
K L fl H and it follows that Wx L nH = W. 

It remains to show that J(X) = J(X). Using (OS]) . Q2| and (Q31 we 
find that for i ^ j: 

f tj—j = {ciOx : x G V ti j} and [ ~_ e , = {qQt : ar G V^}. 

2 2 

It follows that 

rrit—e- — dim = d Q an d m~._ s . = dim = d — d 

<■ 3 'J ? 3 'J 

2 2 

and hence J(X) = J(X). This finishes the proof. □ 
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As a consequence of the decomposition L = K^AH we can now calculate the 
character x of Str(V) on L: 

Proposition 1.5.3. Let V be a simple real Jordan algebra with Cartan involution 
a such that V + is also simple. Then 

x(g) = \Betg\^ \JgeL (1.36) 

and 

A^eO =e£ E * Elti . (1.37) 

Proof. We first show (TL36|) for g G Str(V) Q = L = (Kl)oA(H fl L ). Both left and 
right side of (I1.36P define a positive Character L — > K + since L is connected. On 
{Kl)q both sides are = 1, because (K£)q is compact. Further, the left side is = 1 
on H fl L since %(g) = A(ge) and ge = e for g & H . But also the determinant is 
= 1 on if : g E H implies gg* = id and Det(g*) = Det(g). Therefore, it remains 
to show that (I1.36P holds on A = exp(a). 

By Lemma 11.4.21 the group Hq C H fl Lq contains all possible permutations of the 
elements L(cj) G a, 1 < z < r (acting by the adjoint representation). Therefore, 
each character of L takes the same values on the elements exp(L(c.;)), 1 < i < r . 
Thus, it suffices to show fl 1 . 3 6 [) for g = exp(X) with X = t{L{c\) + . . . + L(c ro )) = 
tL(e) = tidy 6 o, t 6 M. For this we have 

x(exp(X)) = x(e*id y ) = A(e* • e) = e rt = (Det(e*id v )) ™ = (Det(exp(X)))». 

Hence, fll.36p holds for g G L . Now, L = L U aL . Both sides of (I1.36P define 
characters of L which agree on Lq. Further, xi a ) = A(ae) = A(e) = 1 and 
Det(a) = ±1 since a G Kl and Kl is compact. Thus, (I1.36P follows and it remains 
to prove (ll.37p . 

The left side of (I1.37P can be written as 

= A(exp(X) • e) = x(exp(X)) 

with X = Yll=i UL(ci). But since x takes the same values on exp(L(cj)), 1 < i < ro, 
we obtain 

x(exp(X)) =x[exp[-[Y,u] He) ) ) = A (e^'^ u ■ e) = e ^ E ^* 





which proves (ll.37p . □ 

Using the previous lemma together with (1 1 . 1 3 j) we find that A(x)~^ dx, dx de- 
noting a Lebesgue measure on Q C V, is an L-invariant measure on Q. Therefore, 
by Proposition 11.5.21 it follows that the measure du is absolutely continuous with 
respect to the Lebesgue measure dx on Q C V and 

du(x) = const • A(x)~~ dx. 
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1.5.2. Orbits in the boundary of £1 

The boundary dQ is the union of orbits of lower rank. We have the following 
stratification: 

n = o u...uc ro , 

where Ok = L ■ with 

e k := Ci + . . . + c k , < k < r . 

Since ae k = e k , we also have O k = L - e k . Every orbit is a homogeneous space O k = 
L/Hh, where H k denotes the stabilizer of e k in L. In general these homogeneous 
spaces are not symmetric. 

Example 1.5.4. We will mostly be interested in the non-zero orbit 0\ of minimal 
rank. Let us compute this orbit for our two main examples. 

(1) For V = Sym(n, R) we have 

O x = {xx l :xeR n \ {0}}. 

Moreover, the map 

R n \ {0} ->• 0i, x ^ xx\ (1.38) 

is a surjective two-fold covering. 

(2) For V = M. p ' q we again have to distinguish between two cases. If p — 1, q > 2, 
then 

Ox = {x e R 1,q : X! > 0, x\ - x\ - . . . - x 2 n = 0} 

is the forward light cone in M}' q . For p, q > 2 we have 

Oi = {x E R M : x\ + . . . + x 2 p - x 2 p+l - . . . - x 2 n = 0} \ {0}. 

In both cases, 0\ can be parameterized by bipolar coordinates: 

R + x S{f 1 x S'- 1 ^ O u (t, co, rj) H> {too, srj), (1.39) 

where § n_1 denotes the unit sphere in R n and ^ s ^ ne identity component 
ofS™- 1 : 



l^ 1 



{1} if n = l, 
S"- 1 if 7i > 1. 



To construct equivariant measures on the orbits Ok we need to compute the 
modular functions of the stabilizers H k - The crucial point for this is to show that 
H k is contained in a certain parabolic subgroup. The following results are basically 
the statements in [BSZ06, Lemma 3.6 and Corollary 3.7]: 
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Proposition 1.5.5. The group Q k := {g G L : gV(ej c , 1) C V(e& 3 1)} is a parabolic 
subgroup of L. The Langlands decomposition of its Lie algebra q k is given by q k = 
ttifc © Nfc, where 

m k = l © © tij, 

l<i,j < fc k<i,j<ro 
l<i<fc<j'<ro 

and £/ie corresponding Langlands decomposition of Q k is given by Q k = M k N k , 
where 

M k = {g G L : gL(e k ) = L(e k )g}, 
N k = exp(n fe ). 

Proof. In view of Theorem IC.ll (1) we claim that Q k = P Fk (in the notation of 
Appendix |C]) . where 



F k : 



Ei — 62 S k -1 — S k S k +2 — £k+l £ r -l ~ £r 



= n\| £fc ~ £fc+1 jcn. 

In fact, we have 

a Fk =RL(e k ) + RL(e-e k ), 

and hence 

M k := M Fk = {g G L : gL(e k ) = L(e k )g}, 
m k :=m Fk = {X el:[L(e k ),X] = 0}. 

Since for X G Uj we have [L(e k ),X] = Sik ~ s i k X, it follows that 

m = t © Uj © kj- 

l<i,j < fc k<i,j<ro 



Further, 



E+ := E+ (I, a F J = : 1 < i < A; < j < r } 

n fc := n Fk = ^, 

l<i<fc<j'<ro 

N k := iV> fc = exp(n fc ), 
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and P k := P Fk = M k N k . Clearly P k C Q k since both M k and N k are contained in 
Q k . Since P k is, as a parabolic subgroup, equal to the normalizer of its Lie algebra, 
the inclusion Q k C P k follows if we show that Q k has the same Lie algebra as P k . 
Let X G 1 be an element of the Lie algebra of Q k . Then XV(e k , 1) C V(e k ,l). 
Write X = X + J2i^j^ij, where X G an d -^ij e kj- 111 particular G V(e k , 1) 
and hence Xe^ G V(efc, 1). It is easy to see that X^e k G for i 7^ j and X efc G 
0i=i Va- Therefore, we must have (X^ + Xji)e k = if 1 < 2 < k < j < r . Write 
= CjDxjj with Xij G V^j. Then for 1 < i < k < j < r we obtain 

(A- • X jt )e k (t • T" 1 ?) • • T" 

This yields Xji = 0. It is further easily seen that if Xji = for l<i<k<j<ro, 
then XV(e k , 1) C V(e k , 1) and therefore the Lie algebra of Q k coincides with m k +n k . 
This finishes the proof. □ 

Proposition 1.5.6. (1) L = K F Q k and for a suitably normalized Haar measure 
dg on L we have the following integral formula: 

/ f(g)dg= / / / f(kmn)e 2pk (m)dndmdk, 

JL JK l JM k JN k 

where 

d k d r ° 

Pk ■■= (r - k )^J2 Si "" fc 4 E £i - 

i=l i=k+l 

(2) H k C Q k and H k = (M k D H k )N k . Moreover we have the following integral 
formula for the Haar measure dh on H k : 

f f{h)dh= [ [ f{mn)dndm. (1.40) 

JH k JM k nH k JN k 

(3) M k = (M k n K L ) exp(a fc )(M fc n H k ), where 

k 

a k = ^RL(ci). 

i=i 

Further, M k /(M k nH k ) is a symmetric space with invariant measure dv k given 
by 



j 

J M 



f(x)du k (x)= [ [ f(kexp(X)-e k )J k (X)dXdk, 

JM h nK T . Jat 



'M k /(M k nH k ) JM k C\K L Ja+ 

where dk is a Haar measure on M k fl K L , dX is a Lebesgue measure on 

a k = l^tiLid) :ti > ... >t k \ (1.41) 
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Y[ sinh* ^L_*£^ cosh*"* (^y^)- (1-42) 



l<i<j<k 

Proof. (1) The decomposition L = KiQ k holds by Theorem lC.il (2). Further, by 
Theorem IC.ll (3) we have the integral formula 

/<*)<*= /" / f /(* mn ) e ** H d B d m d*, 

JK L JM k JN k 

with Ffc as in the proof of Proposition 11.5.51 and pp k as in Appendix O It 
remains to show pp k = p k . In fact, 



1 d £■ — e ■ d k d r ° 

PF k = ^Yl dim (U a =2 Yl 1 2 ° = ^° ~ ^4 " fc 4 E ^' 

(2) If ge fc = e k , then by (11.121) we have gP(e k )g* = P{ge k ) = P{e k ). Since P(e k ) 
is the orthogonal projection onto V(e k , 1) we obtain for x G V(e k , 1): 

#2 = gP(e k )x = P(e k )g~*x G V(e k , 1) 

and hence gV(e k ,l) C V(efc, 1). Therefore, ii/^ C Q^. Since iV*. C we 
clearly have H k = (M k PI H k )N k . It remains to show the integral formula. 
By |Hel84l Chapter I, Proposition 1.12]: 

f(h)dh=[ f /HS1d»*». 

H fc JM k nH k JN k Det(Ad fffc (n)) 

For n = exp(X) G we have Det(Ad(n)) = e Tr ^ ad ( x ^. But n& consists of root 
spaces l a with q^O. Since [^] C l a+ p, both Tr(ad nj .(X)) and Tr(ad(, fc (X)) 
vanish and the determinants in the integral formula are = 1. Hence, fll.40p 
follows. 

(3) {M k nH k ) is the stabilizer of e k in M k . Therefore, M k /(M k nH k ) = M k -e k . The 
restriction g i— > g\v(e k ,i) defines a group homomorphism M k i— )■ Str(V(efc, 1)). 
Since the Lie algebra of contains the Lie algebra stt(V(e k , 1)) of 
Str(V(ejfe, 1)), the image of this map is the union of connected components 
of Str(V(e k , 1)). The integral formula then follows essentially from Proposi- 
tion fTX?l □ 

Now we can finally compute the modular function of the stabilizer H k . 

Corollary 1.5.7. The modular function \H k of H k is on the Lie algebra \) k of H k 
given by 

i=k+l 
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Proof. By Proposition 11.5.61 the group Hk decomposes as Hk = (M& D Hk) x N^- 
We first show that Mk fl Hk is reductive and hence unimodular. This will follow 
from | War 72} Corollary 1.1.5.4] if we prove that 9{xxik D t)k) = trifc H For this 
let X G rrifc fl t)k- Then [L(efc),X] = and Xek = 0. Taking adjoints it follows 
that [L(ek),X*] = [X, Lie^)]* = and hence X* G m^. It remains to show that 
X*ek = 0. Note that since X preserves V(ek, 1), we have X\ V ( ek ,i) £ sic(V(ek, 1)). 
The condition Xe^ = even implies that X\v(e k ,i) G Det(V(ek, 1)), because is 
the unit element in V(efc, 1). Therefore, by Lemma fl.2.31 (2) and fll.22p we obtain 
for a G V(efc, 1): 

(X*e fc |a) = (e fc |Xa) = try(Xa) = tr y(efejl )(Xa) = 0. 

Hence, 1 6 ^ and it follows that 9 preserves rrifc fl f)fc. Thus, fl ^ is reductive 
and Mfc fl Hk is unimodular. 

Since Hk = {Mk PI x iV*. with fl Hk unimodular, the modular function \H k 
can be calculated on the Lie algebra level as the trace of the adjoint action on n^: 

d X ^(X) = -Tr(ad(X)| n J. 

Since [l a , lp] C l a+/3 for a, /3 G £([, o), this trace can only be non-zero if X G lo H f}fc. 
By fQ9|) we have 

l nf) fc = Jl(x)+£):xG Vij, Dcj = 0Vl<j<r l. 

I i=k+i J 

Let X = D G 5et(V) with Dc, = for all 1 < i < r . Then for x G V(ci, A) we 
have Q ■ Da; = -D(q ■ a;) — .Dcj • x = XDx and hence DVy C for all 1 < i, j ; < r . 
Further, it is easy to show that for x G Vy we have ad(X) (cjQc) = c^D-Dx. Hence, 
for i ytz j we obtain Tr(ad(£))|[ ) = Tr(Z)|[ ) and 

Tr(ad(D)| n J=Trp| v(efc)|) ). 

Now by (ll.2ip the trace of a derivation vanishes. Since D\yr ek u G Det(V(ejfe, 1)) 
and D|y( efc]0 ) £ f etr(V(efc, 0)) we have 

Tr(L>) = Tr(L>| v(efc)1) ) = Tr(L>| v(efe , )) = 0. 

Since V = V(ek, 1) © ^(e^, |) © V(ek,0), we obtain Tr(£>|y( e ij) = and hence 
Tr(adpT)) = 0. 

It remains to consider the case X = L(a) for some a G Vu, k < £ < r . Let 
us first assume that a G V u . It we denote by = CjDVy , then it is easily 
checked that ad(X)n^ C njf and hence Tr(ad(X)|, lfc ) = 0. It remains to calculate 
the modular function on L(V^) = IRL(q). For a — c# and CjQr G n&, x G V^, 
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1 < i < k < j < r , we obtain with (ll.2(jp and Lemma H. 4. 41 (2): 




Since dim(cjDVij) = d, this yields Tr(ad(X)| nfe ) = — \kd and (|1.43]> holds. 



□ 



As another corollary from the previous decomposition theorems we obtain a polar 
decomposition for the orbits O k , < k < ro — 1. 

Corollary 1.5.8. For every < k < ro — 1 the group L decomposes as L = 
Kiexp(a k )H k and the orbit O k has the polar decomposition Ok = Kiexp(a k ) ■ e k . 

Proof. The polar decomposition for the orbit Ok clearly follows from the decompo- 
sition L = Kiexp(a k )H k on the group level. To show the group decomposition we 
use the decompositions of Propositions 11.5.51 and [L5.6I to calculate: 



1.5.3. Equivariant measures 

A measure d/i on a G-space X is called 5 -equivariant, 5 a positive character of G, 
if dfi(gx) = 5(g) d/i(x) for g G G, i.e. for every / G L l (X, d/i) and g G G: 



6 is called the modular function of the equivariant measure d/x. For the existence 
and uniqueness of equivariant measures we have the following fact: 

Fact 1.5.9 ( |Loo53[ Section 33D]). In order that a real character 5 be the modular 
function for an equivariant measure d(gH) on the quotient space G/H, where H 
is a closed subgroup of the locally compact group G, it is necessary and sufficient 
that 5(h) = for all h G H , where \g an d Xh denote the modular functions 

of G and H , repectively. In this case, the measure is uniquely determined by the 
following formula: 



L = K L Q k = K L M k N k = K L (K L n M h ) exp(a k )(H k n M k )N k 
= K L exp(a k )H k . 



□ 





(1.44) 
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We apply this to the orbits O k , < k < r . 

Theorem 1.5.10. (1) On O ro = Q the L- equivariant measures which are locally 
finite near are (up to positive scalars) exactly the measures 

[ f(x) dfx x (x) := [ [ f(kexp(X)e)e X ^ i: ' ilt 'J(X)dXdk, 
Jn JK L Ja+ 

where X = Y^i°=i UL(ci) and a + and J(X) as in (1 1.34)) and (|1.35p . d[i\ 
transforms by 

dfMx(gx) = x(g) X d/i(x) for g G L. 

Moreover, dfi\ is absolutely continuous with respect to the Lebesgue measure 
dx on Q and we have 



d/j,\(x) = const ■ A(x) x r (#) dx for A > (r — 1) 



rod 
2r ■ 



(2) For k = 0, . . . , r — 1 there is (up to positive scalars) exactly one L-equivariant 
measure dfi^ on Ok given by 



f(x) dfi k (x) 

O k JK L 



[ [ f(kex I j(X)e)e rj ^^ u J k (X)dXdk, 
Jk l J a + 



where X = X]i=i^-^( c «) an d a t an ^ Jk{X) as in f ll.4ip and (jl.42p . d/i^ 
transforms by 



,k rnd 



dji k (gx) = x(g) 2r d/j k (x) for g G L. 

Proof. (1) Q = L/H as homogeneous spaces. Both L and H are reductive and 
hence unimodular (see e.g. |Kna02, Corollary 8.31 (d)]). Therefore, a charac- 
ter S is the modular function for an equivariant measure on L/H if and only 
if 5\h = 1- Let 5 be such a positive character of L. 

According to Proposition 11.5.21 (1) the group L decomposes as L = K^AH. 
Since Kl is compact, S\k l = 1- Therefore, we only have to determine the 
values of 5 on A. Since A = exp(a), it suffices to calculate the possible de- 
rived homomorphisms d5 : I — > R. By Lemma [1.4.21 the group H contains all 
possible permutations of the elements L(cj) G a, 1 < i < r . Therefore, 

(ro \ r 

i=i j ° i=i 

for some A G R. Then by (jl.37j) we obtain 5 = x X - Hence, the functions % A 
are the only possible modular functions for L-equivariant measures on Q. 
The measures A(a;) A_ ~ dx are clearly x A -equivariant by Proposition 11.5.31 
Since A(x)~~ dx is an invariant measure on Q, the stated integral formula 
follows from Proposition 11.5.21 (with f(x)A(x) x instead of f(x)) and fll.37p . 
From the integral formula one can also easily see that dfix is locally finite 
near if and only if A > (r — 1)^- 
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(2) O k = L/H k as homogeneous spaces. As remarked in (1) the modular function 
Xl is equal to 1 and by (11. 43ft the derived modular function on f) k is given by 



1 r ° 



ro 

' Si. 
i=k+l 



Let 5 be a positive character of L with dS\^ k = dxH k - The Lie algebra I is 
reductive and hence I = Z(t) + [1, 1]. On the semisimple part [I, I] the character 
d5 clearly vanishes. Therefore it suffices to compute the values of d5 on 
®Zi L ( V u) b y (HSU- On 0jL fc+1 £(V«) C f) fc the character d<5 is given by 
dXff,.- Since k < r this subspace of i) k is non-zero and using the Ad-invariance 
of dS and Lemma [1.4.21 one shows that 

d5 = —kd Si. 

i=l 

By Proposition 11.5.31 we obtain 5 = x k ~^~ ■ F° r the integral formula we calcu- 
late: 



f(g)x k ^ (g) dg 



/ / / f(kmn)e k 2^ i = l£i (m)e 2pk (m)dndmdk 

JKt, JM k JN h 



K L JM k JN k 

f(kmhn)e~2~ ^ i=1 Si (m) 



r a d v^fc , 

J 2 ^i=l £ « 

JM k /(M k nH k ) JM k nH k JN k 

dn dh dv k (m(M k n #*.)) dA; 
f(kmh)e~^ l£ '(m) dhv k (m(M k H if*)) dA; 

M k /(M k nH k ) JH k 

= [ [ 11 f(kk'exp(X)h)e^^ £l{x) J k (X)dhdXdk'dk 

JK L JRI k nK L Ja+ Ju k 

= ( I I f(keMX)h)e r -¥^ u J k (X)dhdXdk. 

JK L Ja+ JH k 

Now the desired integral formula follows from ( ll.44p . □ 

For convenience we denote for A > (ro — l) 2 ^ the open orbit O ro = f2 by 0\. 
Similarly, for A = k^, k = 0, . . . , r — 1, we put 0\ := O k and d^x := dfx k . This 
yields Hilbert spaces L 2 ((D\, dfi\) exactly for A in the Wallach set 
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and the measures transform by 

dfix(gx) = x(g) X dfix(x) for g G L. (1.45) 

For the minimal non-trivial orbit 0\ the polar decomposition of Corollary 11.5.81 
simplifies to 0\ = KlR + ci. Further, the integral formula in Theorem 11.5.101 (2) 
amounts to 

p p poo 

/ f(x)dfi 1 (x)= / f(kt Cl )t» +u+1 dtdki (1.46) 
J Ox Jk l Jo 

since jj + u + 1 = ^ — 1. Hence, the space of radial (or equivalently i^-invariant) 
functions in L 2 (O u d/xi) is given by L 2 (O u d//i) rad ^ L 2 (R + ,t^ +u+1 dt). 

Example 1.5.11. (1) For V = Sym(n, K) the two-fold covering (I1.38P induces a 
unitary (up to a scalar) isomorphism 

U : L 2 (O u d/n) -> L 2 even (R n ), UiP(x) := ^(xx*), (1.47) 

where L 2 ven (M. n ) denotes the space of even L 2 -functions on IR n . In fact, for 
^ G L 2 (0 1; d/ix): 

/* /*CXJ 

|WV'(x)| 2 dx = vol(§ n - 1 ) / / p^kte^H^dtdk 

isO(n) JO 
p poo 

= vol(§ n - 1 ) / / ^(fkc^H^dtdk 

isO(n) JO 

voKS"- 1 ) /• f°° 
= — ^ / / |V>(fc • sci)fs2 Msdfc 

vo^S 71 - 1 



SO(n) JO 




|^(a;)| 2 d^(a;), 



where dfc is the normalized Haar measure on SO(n). Hence U is unitary (up 
to a scalar). 

(2) For 1/ = W' q the measure d/xi can be expressed in polar coordinates f ll.39p . 
Using (I1.46P we obtain 

d/ii = const • t p+q ~ 3 dt dtu dr], 

where du and dr) denote the normalized euclidean measures on and § 9_1 , 
respectively. 

To be able to deal with the measures d/i^, < k < r$ — 1, we interpret them as 
residues of zeta functions. 
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Proposition 1.5.12. (1) Let V be euclidean. Then the measure dfik, < k < 
ro — 1, is a constant multiple of the residue of the zeta function 

Z(/,A):= [ f(x)A(x) x ^dx 



at the value X = = k^. 

2r 2 

(2) Let V be non- euclidean and ^ W' q . Then the measure dfik, < k < ro — 1, 
is a constant multiple of the residue of the zeta function 



Z(f,X) := [ f(x)\A(x)\ x ^dx 
Jv 



at the value A = fc^. 

2r 



(3) Let V = MP' q . Then ro = 2 and the orbits Ok are given by Oq = {0}, 
O x = {x G W' q \ {0} : A(x) = 0} and 2 = Q = {x E W' q \ {0} : A(x) > 0} 
where A(x) is the standard quadratic form of signature (p,q). In this case 
the measure d/io is just a scalar multiple of the Dirac delta distribution at 
and the measure d/xi is again a constant multiple of the residue of the zeta 
function 



Z(f,X) := / f(x)A(x) x - n - dx 



at the value X = ^ = 2±^ 

2r 2 



For details on the meromorphic extension of the zeta functions involved here see 
[FK94[ Chapter VII, Section 2] for the euclidean case, [BSZ06, Theorem 6.2 (2)] for 
the non-euclidean case £ W' q and jCS641 Chapter III.2] for V = W' q . 

Proof. Part (1) is |FK941 Proposition VII.2.3], part (2) is proved in [BSZ061 Theo- 



rem 6.2] and part (3) can be found in [GS64J Section III. 2. 2]. □ 

Remark 1.5.13. The case differentiation in Proposition ll.5.i2l is necessary. Firstly, 
the zeta function Z(f, A) of V — M. p ' q vanishes at the value A = if p is even 
(see |GS64[ Section III. 2. 2, Equation (21)]). And secondly, the only two results 
on the positivity of zeta functions for Jordan algebras the author could find, are 
stated in |FK94} Proposition VII.2.3] and [BSZ06, Theorem 6.2 (2)], where different 
definitions for the zeta functions are used. It is an interesting question whether 
there exists a theory of zeta functions which works for arbitrary simple real Jordan 
algebras and gives the equivariant measures on the orbits Of. as residues of the zeta 
functions. Nevertheless, for the purpose of this article it will only be important, that 
the measures d^k appear as residues of zeta functions which are for A > (ro — 1)^ 
supported on the union of open L-orbits and given by |A(:r)| A ~~. 
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1.6. The conformal group 

For a semisimple Jordan algebra V we construct the conformal group Co(V) which 
acts on V by rational transformations. We define a certain open subgroup G of 
Co(V) and construct its universal covering group. The Lie algebra g = co(V) of 
Co(V), also known as Kantor-Koecher-Tits algebra, is given by quadratic vector 
fields on V. We describe g in detail. For a maximal compact subalgebra t of q we 
also characterize the highest weights of ^[-spherical {-representations via the Cartan- 
Helgason theorem. These representations will appear as t-types in the minimal 
representation. 

1.6.1. The Kantor— Koecher— Tits construction 

Let V be a semisimple real Jordan algebra. 
Definition of the conformal group 

The conformal group will be built up from three different rational transformations. 

(1) First, V acts on itself by translations 

n a (x) := x + a Vx G V 

with a G V. Denote by N := {n a : a G V} the abelian group of translations 
which is isomorphic to V. 

(2) The structure group Str(V) of V acts on V by linear transformations. 

(3) Finally, we define the conformal inversion element j by 

j(x) = —x~ x Vx G V x = {y G V : y invertible}. 

In view of the minimal polynomial (II .2p j is a rational transformation of V. 
The conformal group Co(V) is defined as the subgroup of the group of rational 
transformations of V which is spanned by N, Str(V) and j: 

Co(V) := (iV,Str(y),i) grp . 

Co(V) is a semisimple Lie group which is simple if and only if V is simple (see 
[Jac68, Chapter VIII, Section 6]). The center of Co(V) and even of its identity 
component Co(V)o is trivial (see [Ber OO, Theorem VIII. 1.3] and its proof). The 
semidirect product Str(V) x iV is a maximal parabolic subgroup of Co(V) (see e.g. 
|Ber001 Section X.6.3]). 

We let G be the group generated by Co(V)o and the Cart an involution a. The 
group G has at most two connected components, namely Co(V)o and aCo(V)o. If 

V is euclidean, then clearly G = Co(V)q, but in general this is not true (e.g. for 

V = M. p,q with p even) . We also have the inclusions 

Co{V) CGC Co(V). 
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Further, we have L C G D Str(V) and we put P := L \x N . Here similar inclusions 
hold. In general, P is not maximal parabolic in G, but an open subgroup of the 
maximal parabolic subgroup p max := G fl (Str(V) x AT). The parabolic P max has a 
Langlands decomposition P max = L max x iV with L max :=Gn Str(V). 

The conformal algebra 

Now let us examine the structure of the Lie algebra g = co(V) of Co(V), the so- 
called Kantor-Koecher-Tits algebra. An element X G g corresponds to a quadratic 
vector field on V of the form 

X(z) = u + Tz- P(z)v, zeV 

(u,T,v) for short. In view of 

(1.48) 



= v; 

t V. 

(and P) is given by 

If Xj = (v,j, Tj,Vj), (j = 1, 2), then the Lie bracket is given by 

[X U X 2 ] = (T lU2 - T 2 u u [T U T 2 ] + 2( Ul Dv 2 ) - 2(u 2 U Vl ), -T*v 2 + T* Vl ), (1.49) 

with the box operator □ as in (II. ip . From this formula it is easy to see that the 
decomposition (11. 48ft actually defines a grading on g: 

= 0-1 + So + 01, 

where g_i = n, go = I and gi = n. Further, since the box operators u\3v, u, v G V, 
generate the structure algebra I, the conformal algebra g is generated by n and n. 

Example 1.6.1. Since Go has trivial centerjwe cancalculate it by factoring out the 
center from the universal covering: Go = Gq/Z(Gq). Here the universal covering 
Gq of Gq is uniquely determined by the Lie algebra g which was described in detail. 



with u, v G V and T G t. We use the notation X 
this, we have the decomposition 

g = n + I + n, 

where 

n = {(u,0,0) : u G V} 
[ = {(0,T,0) :Testx(V)} 
n= {(0,0, f) : v G V} 

In this decomposition the Lie algebra p max of P ma 

p max _ n _|_ j_ 
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'1) Let V = Sym(n,R). Then g = sp(n, R) via the isomorphism 

( T u 

g ->j6p(n,R), (u,T,v) ^ f _ Tt 

Then G = G = Sp(n,R)/{±l}, where Sp(n,R)/{±l} acts on x G V by 
fractional linear transformations: 

^ ■x = (Ax + B)(Cx + D)- 1 . 

(2) Let V = W ),q . Then an explicit isomorphism g — > so(p + 1, g + 1) is given by 



(u,0,0) i— >■ 



(0,sT,0) i-)> 



(0, 0, at)) i — ^ 



/ 


-(«')' 


(«")* 
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it' 
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(v'Y (v'j 
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u e V, 



Teso( P ,q),se 



veV. 



Hence, G ^ SO(p + l,q+ l) /Z(SO(p + l,q+ 1) ). The center Z(SO(p + 
l,q + l)o) is equal to {±1} if p and q are both even, and it is trivial else. By 
(II. 5p we have G = Gq if p is odd and G = Gq U aGo if p is even. 

A Cartan involution 

The involution 9 of Str(V) extends to an involution of Co(V) by 

6 : Co(V) -> Co(V), g \-> w o g o Wq 1 , 

where Wq :— a o j g Co(V). The map # is a Cartan involution of Co(V) which 
restricts to Cartan involutions of G and Gq. The corresponding involution 6 of the 
Lie algebra g is given by (see |Pev02l Proposition 1.1]) 

9(u,T,v):=(-a(v),-T*,-a(u)), (u, T, v) G g. (1.50) 

In the above notation n = 9(x\). Let g = t + p be the corresponding Cartan 
decomposition of $j. Then 



t = {(u, T, -a{u)) : u G V, T G I, T + T* = 0}. 



'i.5i: 



The fixed point group := G e of 9 is a maximal compact subgroup of G with Lie 
algebra t. Then clearly if^ = K C\ L. The subgroup fT^ C K is symmetric, the 
corresponding involution being g i— )■ (—1) 050 (—1). 
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Lemma 1.6.2. Assume that V and V + are simple. Then the center Z(t) oft is 
non-trivial only ifV is euclidean. In this case it is given by Z(t) = R(e, 0, — e). 

Proof. First, let X = (u,T, —au) G Z(t). Then by (I1.49P we have for any v G V 
and S G fy: 

(Tv - Su, [T, S] - luUav + 2v\2au, T*av - S*au) = 0. 

Putting S = we obtain T = and this simplifies to 

Su = and L(u • av) + [L(u), L(av)] = L(au ■ v) + [L(v), L(au)]. (1-52) 

In particular, one has 

u ■ av = au ■ v V v G V. 

For v = e this gives au = u and hence u G V + . Then, from (jl.52p it also follows 
that 

[L(u),L(av)} = [L(v),L(u)}. \/ v G V. (1.53) 

Write u in the Peirce decomposition u = 2~2i<j u ij-> u ij ■ For i < j we put v = q 
in (I1.53P and apply both sides to Cj which gives —\uij = \uij and hence ity = 0. 
Since = Mcj, we then have u = YH=i ^i c i w ith Aj G R. Using (ll.52p once more, 
we know that Su = for S G For every permutation it of {1, . . . ,r } there is 
by Lemma [1.4.21 a derivation D G 0et(V) with = Da such that e D Cj = for 
every i = 1, . . . ,Tq. By (I1.23P we have D G t\ and hence = 0. Altogether this 
gives 

ro r 

AjQ = u — e D u = ^i c 7r(i) 
i=i i=i 

for all permutations ir. Therefore, Aj = Xj for all i,j = 1, . . . ,ro and u = Ae, A G M. 
It remains to show that X = (e, 0, — e) is actually contained in the center if and 
only if V is euclidean. With (11.49j) we find that 

[(e, 0, — e), (u, T, —au)] = (— Te, 2L(w — au), — T # e). 

If V is euclidean, then t t = dct{V) and hence Te = T*e = for any T G t[. Further, 
a = 1 and L(u — au) = for all u G V. Therefore, (e, 0, — e) G If V" is non- 

euclidean, then there exists a non-zero element u G V~ and L(u — au) = L(2u) ^ 0. 
Hence, (e, 0, — e) ^ which finishes the proof. □ 
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Exponential function and adjoint action 

The exponential function exp : g — > Go is on the subspaces n, I and n given as 
follows: 

exp(X) = n u for X = (u, 0, 0), 

exp(X) = e T for X = (0,T,0), 

exp(X) = n v for X = (0, 0, — v ), 

where n a := jriaj^ 1 G N = 9(N) = exp(n), n a (x) = (x^ 1 — a) -1 . Furthermore the 
adjoint action of g G L on N, L and N is given by 

Ad(g)n u = n gu for u e V, (1.54) 

Ad{g)h = ghg- 1 for h G L, (1.55) 

Ad(g)n v = n g ~# v for v G V. (1.56) 

It follows that the adjoint action of g G L on the Lie algebra g writes as 

M(g)(u,T,v) = {gu,gTg-\g-*v) for (u,T,v) G g. (1.57) 

We also need the adjoint action of exp(w, 0,0) £ N on (0, 0, v ) G n, u, v G V: 

Ad(exp(u,0,0))(0,0,v) = e ad( "'°' 0) (0,0,w) 

1 

= (0, 0, v) + (0, 2uDv, 0) + -(-2(uDv)u, 0, 0) 

= (-P(u)u,2uQu,<u). (1.58) 

An sl(2)-triple 

There is a natural homomorphism of SL(2,M) into the conformal group given by 
(cf. |Ber001 Proposition XI.2.1]) 

: SL(2,R) G , <p ( a c b d ^j (x) := (ax + be)(cx + de)- 1 . (1.59) 

Denote the corresponding homomorphism of Lie algebras by d(p : sl(2, M) — > co(V). 
As usual, let 

1 \ f _/0 0\ / 1 

o o ; ' 7 ■ V 10 /' V " 1 

Put £ := d0(e), F := d(p(f) and if := d(j)(h). Then 

£ = (e,0,0), F = (0,0,e), F=(0,2id,0) (1.60) 
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forms an sl(2)-triple in g. Further, we have 



e f(E-F) = e f dj>{e-f) = ^C e f(e-/)> 



o i \ . (i.6i; 
= j- 



In particular, j G Gq. Similarly 

e^) = 0(- 1 _° 1 )=1- (1-62) 

The Killing form 

The Killing form on g is for Xi = (ui,Ti,Vi), i — 1,2, given by (see e.g. |Sat80[ 
Chapter I, proof of Proposition 7.1]): 

B(X h X 2 ) = Bi(T h T 2 ) + 2Tr(T x T 2 ) + 4Tr (L( Ul v 2 )) + 4Tr (L(u 2Vl )) , 

where By denotes the Killing form on I. Since B is negative definite on the maximal 
compact subalgebra 6, we define an Ad-invariant inner product on £ by 

(X 1 ,X 2 ) :=-B(X 1 ,X 2 ). 

for Xi = (ui, Ti, —aUi) £ fi, % = 1, 2. By Lemma 11.1.21 

8n 

(X 1 ,X 2 ) = B 1 (T 1 ,T;) + 2Tv(T 1 T;) + —(u 1 \u 2 ). (1.63) 

r 



1.6.2. The universal covering 

For the connected group Go the universaljxtvering Go carries a natural Lie group 
structure which turns the covering map Go — > Gq into a homomorphism. For the 
universal covering G of the (in general disconnected) group G this is not clear. We 
now construct a group structure on G. 

If a G Go, then G = Go and clearly G := Go is the universal cover of G. Denote 
by pr : G — > G the covering map. For later use we choose any a G G which projects 
onto a under the covering map pr. 

Now assume that a G G \ Go- Then Ad(a) defines isomorphisms Go — > Go and 
g — > g and by integration also G — > G . We pui G := G U 5G , where 5G 
denotes the set of all formal products ag with g G Go- Then a product <g> on G can 
be defined as follows. For gi,g 2 G Go put 

9i ® 5-2 := #15-2 e G , 

® </ 2 : = a(gm) e 5G , 

gH ® 5^2 := 5((Ad(a)gi)5f 2 ) ^ 5G , 

«0i ® 5^ := (Ad(a)^i)^ 2 e G . 
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It is easy to see that G turns into a Lie group with two connected components. 
We also use the notation a for the formal product 51 G aGo- The element a is 
contained in the connected component of G which does not contain the identity. If 
pfg : Go — > Gq denotes the universal covering map of Go, then the homomorphism 

pr : G ->■ G, 

ag ^ a ■ p? (g), V g G G Q , 

is a universal covering of G. 

In both cases we obtain a universal covering group G of G with covering map 
pr : G — > G and an element 5 G G which projects onto the Cartan involution 
a G G. Note that if one identifies the Lie algebra of G with q, then 

Ad (5) = Ad B (a). (1.64) 

We further observe that the group K := pr~ 1 (i^) is a universal cover of K since 
K is a maximal compact subgroup of G. Note that in the euclidean case, the Lie 
algebra t of K has non-trivial center by Lemma H. 6. 21 and hence K is not compact. 
We further define 



j := exp g (|(e, 0, -e)J G K 



By (jl.6ip we have pr(j) = j. Then the element define u> := aj = ja G K 
projects onto Wq = aj. (That 5 and j commute follows from the definition of the 
multiplication on G.) 

Lemma 1.6.3. wq G Z{K). 

Proof. First note that by fll.64p we have Ad{(t?o) = Ad{(u;o) = 1 and hence wq 
commutes with all elements in the identity component Kq. If K = Kq we are done. 
In the remaining case where a G K \ Kq we have 

wo(ak) = awok = (ak)wo Wk G K , 

since both wq and 5 commute with all elements in Kq. Hence wq also commutes with 
all elements in olKq. Altogether, Wq commutes with every k G K and is therefore 
central. □ 

1.6.3. Root space decomposition 

From now on assume that V and V + are simple. Recall the definition (jl.25j) of the 
abelian subalgebra 



i=i 
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The set £(g, a) of non-zero a- weights of g forms a root system of type C ro . In fact, 

with £j as in fll.26p . The root spaces are given by 
fl fi+gj = (%0,0) C n, 

2 

0„ = (0,^,0) CI forae{S=5i:i^j}u{0}, 
gj+fj = (0,0, V^) C n. 

2 

We see that the constants d and e + 1 are exactly the multiplicities of the short and 
the long roots, respectively. 

We also choose the maximal toral subalgebra 

t:= |f£te,0,-^tej :*« eltj C^Cf 

in the orthogonal complement of t\ in t. The corresponding root system of (gc, tc) 
is again of type C ro and given by 



S(0c,tc) 

where 



±7, 



T() 



K k=l k=l 

In fact, it is the image of a under the Cayley transform c = exp(i^ad(e, 0, — e)) 
of g (see e.g. [Sah93, §0] for the euclidean case and [DS99, Section 1.2] for the 
non-euclidean case). Using Lemma [1.4.41 (2) we find the root spaces 

(flc) , ,7i+-rj = {(u,T2iL(u),u) : u G (V^)c}, 

^ 2 

(0c),2iZ2i = ±4i[L(ci),L(u)],-M) : u G (V^-)c}- 

^ 2 

Therefore the root spaces of tc in fic are given by 

(«c) ± 2±2t = {(m,T2^(m),m) : it G (T^j)c}, 
(*c) ±2i zzi = {(«,±4z[L(ci),L(u)],-u) : u G (F+) c }. 

From this one immediately obtains that the root system E(lc, tc) is of type 

A ro _i if V is euclidean, 
CV if V is non-euclidean non-reduced, 
D ro if V is non-euclidean reduced. 
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P 



We refer to these cases as case A, C and D. For the half sum of all positive roots 
(with multiplicities m 7 ) we find 

2^™^ — 2 — 2 Z^ m 2i±2i — £ — +2L m ^ 7i 

i<j ' i<j ~ i 

A r ° A A r r 

| £ (r„ - » + 1)7, + ^(r„ - 1) + | £ * 

1=1 1=1 1=1 



i=i 



where 



p, = - a + 1) + ^(r„ - 1) + f = i g - l) - f (, - 1). (1.66) 

1.6.4. ^-representations with a £[-spherical vector 

As previously remarked, (t, fy) is a symmetric pair. Using the Cartan-Helgason the- 
orem we can describe the highest weights of all unitary irreducible {-representations 
which have a {[-spherical vector. 

Proposition 1.6.4. The highest weight of an irreducible ^-representation with a t[- 
spherical vector vanishes on the orthogonal complement of t in any maximal torus 
of £ containing t. The possible highest weights which give unitary irreducible t r 
spherical representations are precisely given by 

tiji : ti G R, U — tj G Z, t\ > . . . > t ro > in case A, 



8=1 
ro 



A£(«) = 4 



ti7i : ti G Z, t x > . . . > t ro > > m case C , 

. i=l J 

< ^^tj7i : G — Z, — tj G Z, ti > . . . > t ro _i > |i ro | > in case D. 

Further, in each irreducible ^[-spherical ^-representation the space of ^[-spherical 
vectors is one- dimensional. 

Proof. (a) First, let V be non-euclidean. Then { is semisimple by Lemma [1.6.21 
By the Cartan-Helgason theorem (see e.g. |Hel84| Chapter V, Theorem 4.1]) 
the highest weights of all irreducible {-representations with a {[-spherical vec- 
tor vanish on the orthogonal complement of t in any maximal torus of { con- 
taining t and are given by 

A+(t) = ( 7 G it* : e No Va G £+(t c , fc)) . 

1 I («, a) J 



49 



Chapter 1. Jordan theory 



Here we have identified t£ with ic via the bilinear form (—,—). Under this 
identification jj corresponds to ?-i{cj,0, —Cj). By Lemma [1.2.31 (2) we have 

(Ci\Cj) = <%tr(c;) = 5 ij tT Vu (c i ) 

r 

= 8ijxk(Vii) = 5ij — 



and with (jl.63j) we obtain 



(7i,7j> = ~7^<% (1.67) 



Thus, the previous observations imply the claim for the cases C and D. 
(b) Now suppose V is euclidean. We have ! = Z(t) + [t, t] with Z(t) = R(e, 0, -e) 
by Lemma [1.6.21 and [t,t] semisimple. Clearly ti C [{, t] and the torus 



ro r 



i=l i=l 



is maximal in the orthogonal complement of £[ in [£,£]. As in (a) it follows 
from the Cartan-Helgason theorem that 

X)tiT< : = 0,ti-t, G Z,ti > ... >t r 

i=i i=i 

Now, by Schur's Lemma, the irreducible representations of t = Z(t) + [t, I] 
are irreducible [{, ^-representations where the center Z(l) acts by scalars. 
Therefore, 



A+(C) = A+([MD+M( 7 i + ... + T 



which shows the claim for the case A. 
That in each irreducible {-representation the space of {[-spherical vectors is at 
most one- dimensional follows from |Hel844 remark at the beginning of Chapter V, 
§4.2]). This finishes the proof. □ 

For a G A^(t) we denote by E a the irreducible {[-spherical representation of t 
with highest weight a. 



1.7. The Bessel operators 

In this section we introduce second order differential operators B\ (A E C) on V. 
These operators are needed later to describe the Lie algebra action of the minimal 
representation. We show that for A G W the operator B\ is tangential to the orbit 
0\ and defines a symmetric operator on L 2 (0\, dfi\). 
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1.7.1. Definition and Properties 

For any complex parameter A G C we define a second order differential operator 
B\ : C°°(V) — > C°°(y) (g) V called the Bessel operator, mapping complex- valued 
functions to vector-valued functions, by 

ft: = p (£) i+A ^ (L68) 

Here : C°°(V) — > C°°(V) ® V denotes the gradient with respect to the non- 
degenerate trace form r on V. This means that 



f(x + tu) WueV. 



t=o 



Therefore, if (e a ) a is a basis of V with dual basis (e a ) a with respect to the trace 
form r, then for / G C°°(V) we have 

dx ' dx n ° 



Inserting this in (I1.68P yields the following expression of B\ in coordinates: 

d 2 f p( _ a _ )x + x yd£ 
dx a dxs ea,e P 2-^< g Xc 



Bxfix) = J L p ( e ^ e^x + Xj^ If e a , x G V. 



a,0 

First, we prove the following product rule for the Bessel operators which is an 
easy consequence of the definition. 

Lemma 1.7.1. For f,g G C°°(V) we have 

B x (f -g)=B x f-g + 2p(^,^jx + f- B x g. (1.69) 

The Bessel operator B\ satisfies an equivariance property with respect to the 
action of Str(V). Recall that i denotes the left-regular representation of Str(V) on 
functions which are defined on V (see (11. 14ft ). 

Lemma 1.7.2 f |FK941 Proposition XV.2.3 (i)]). For any g G Str(V); 

l{g- l )B x l{g) = g-*B x . 
Proof. If F — £(g)f, then by the chain rule 

d - = g-* d Ag^). 

dx dx 
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Therefore, 
By (H32J, 

\ ox J \ox J 

and the result follows. □ 

We also need the action of B x on powers of the Jordan determinant. 
Lemma 1.7.3 ( |FK941 Proposition XV.2.4]). 

B x A(x) ft = n(jjt + \-- y ) A(xYx-\ (1.70) 

Proof. The first and second derivatives of A(a;) M are given by 

dA( x y , . \ / \ u / i n 
a (x) = //A xfr (x \e a , 

= ^(^^(x- 1 , e Q )r(a;- 1 , e/J ) - ^A(x)V(P(x)- 1 e a , e/3 ). 

ox a oxp 

Since 

^tr(e a )e Q = e, 

E_ n 

a 

by Lemma 11.2.44 it follows that 

B x A»{e) = n (ji + A - -) e. 

In order to obtain the value of £>aA m at x = ge, we use the equivariance property 
of A: 

iig-^Aix) = A(ge)A(x), 
and the equivariance property of B\ in Lemma 11.7.21 
B x A»(ge) = (l^B^) (e) 

= g-* (B x l{g- l )A») (e) 
= A{geYg-*B x A»{e) 

= fi ^ + X-^A(ger(ge)- 1 . 

This proves (jl.70p for every x = ge in the open orbit of the structure group con- 
taining the identity e. Since both sides of (ll.70p are polynomials in x the claim 
follows. □ 
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1.7.2. Symmetric operators 

The crucial part in proving that B\ is tangential to 0\ and defines a symmetric 
operator on L 2 (0\, dfi\), is the following proposition for the corresponding zeta 
functions: 

Proposition 1.7.4 ( |FK94} Proposition XV.2.4]). Let Z(f, A) denote the zeta func- 
tion corresponding to V as in Proposition \1.5.TM Then, for f,g G S(V) and A G C 
we have 



as identity of meromorphic functions in A. 

Proof. It suffices to prove the statement for A > ^ + 2 > (ro — l) 2 ^, then the general 
statement follows by meromorphic continuation. In this case 



where Qj denote certain open orbits of L . (If V is euclidean or V = M. p,q , then 
s = 1 and Q\ = Q, and if V is non-euclidean ^ MP ,q , then is the set of all 

open Lo-orbits.) Therefore, it is enough to show that for any open orbit Qj of Lq 
we have 



On every orbit flj the Jordan determinant A(rc) is either positive or negative. Since 
A > - + 2, we have |A| A ~~ G C 2 (Qj) and all derivatives of |A| A ~~ up to second 
order vanish on dQj (use Lemma [1.4.ip . This means that all boundary terms, which 
occur when integrating by parts twice, vanish, 
(a) Using integration by parts, we first prove that if all derivatives of g up to 
second order vanish on dflj, then 



For this we choose an orthonormal basis (e a ) a with e a G V + U V . Observe 



Z((B x f)-g,X) = Z(f.(B x g),X), 




[ (B x f(x))g(x)\A(x)\^dx= [ /(x)(^(x))|A(x)| A ^dx 





that 



(xg(x)) = x 




(x) + e, 



dg 




dx a dx 



dx f \ dx 



a 



dxp 
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and hence, by Lemma 11.2.41 



Y,ne a -e,)^-{ X g{ X )) 



B g(x) + 2^ P(e a , ep)e a -^-[x) 



dxf 

a,/3 



B g{x) + 2^2l ^ P{e a ,ep)e a - P(e Q ,e /3 )e a J 

\e a £V+ e a £V~ / 

B 09 (x) + 2J2(y: 4" £ el) 

\e Q eV+ e a £V~ / 

B g(x) + 2Y, (£e a eJ 

\ a J 



d 9 , x 

X) 



dx 



— 9 / \ 
e/3-—{x) 







ep-—(x) 

OXp 



Therefore, integration by parts gives 



B\f{x) ■ g(x) dx 



/ f( x ) ■ \ Bog(x) + —^(x) - a|^(x) j dx 

y n . v r ox dx y 

/ /(x) • ^2n_ A 5((x) dx. 



(b) Now we prove that 



B A (|A(x)r/(x)) = |A(x)r (i3 A+2M /(x) + /i (/i + A - x- 1 /^; 



First assume that fij is an orbit with A(x) > for all x G IX,-. Then |A(x)| M 
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A(x) M and with the Lemmas 1 1.7.1 \ IT.4.11 and 11.7.31 we have 

—(x) ^ 
dx ' dx 



<9A M df 

B x (A(xrf(x)) = A(xyB x f(x) + 2P I — - (x), /(x) ) x 



+ B A (A(x)")/(a;) 



AWBxfix) + 2nA( X yP ( x" 1 , |^(x) ) x 



<9x 

+ //(// + A - -) A(xf x"7(x) 



A(xf (B x+2 ,f(x) + ii (jjl + A - ^) z-V(z) 



Now, if A(x) < for all x G fij, then |A(x)|^ = (— A(x)) 1 ' and the same 
calculation can be carried out. 
We now prove the main statement. By (a) 

f (B x f(x))g(x)\A(x)\ x ^dx= [ f(x)B2_ 21 _ x (g(x)\A(x)\ x -T(x)) dx 
and by (b) 

P f(x)(B x g(x))\A(x)\ x ^(x)dx. 

Summing over j = 1, . . . , s shows the claim. □ 
Using the previous proposition we can now prove the main result of this section: 

Theorem 1.7.5. For every A G W the differential operator B\ is tangential to the 
orbit 0\ and defines a symmetric operator on L 2 ((D\, dfi x ). 

Proof. If A > (ro — l) 2 ^, then the orbit 0\ = £1 is open and every differential 
operator is tangential. Symmetry follows immediately from Proposition 11.7.41 
Now assume that A = k^, < k < r - 1. Let <p G C^°(O x ) and let <^i,<^ 2 G 
C^°(U) be any extensions of (p to an open neighborhood U of 0\. To show that 
B\ is tangential to 0\ we need to show that B X ifi = B\(f2 on 0\. By definition 
^ := Lf\ — if>2 vanishes on 0\. For any ip G C^°(U) we obtain with Proposition 

dm: 

/ Bxfi ■ i) dfix = const • res At=A Z {B^fp ■ ip, fi) 

J Ox 

= const • res At=A Z ■ B^ip, fi) 
ft ■ B x 4> d/ix = 0. 

Ox 

Hence Byfp = in L 2 (O x , dfix) which implies B x tp(x) = for every x G A . But this 
means that B x ^>i = B x ^f2 on O x and therefore £> A is tangential to O x . Symmetry 
now again follows from Proposition 11.7.41 This finishes the proof. □ 
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1.7.3. Action for the minimal orbit 

Now let A = Ai = ^ be the minimal discrete non-zero Wallach point. Let us 
compute the action of B\ 1 on radial functions on the minimal orbit 0\, i.e. func- 
tions depending only on ||x|| := y (x\x). For convenience we use the following 
normalization: 



x 



x 



In view of Lemma 11.2.31 (2) we then have for % = 1, . . . , ro' 



r I r 

tr(ci) = J— tT Vu (ci) 



r y r 

Further, if ip(x) = f{\x\), x G V, is a radial function, then 

dip, r f'(\x\) 
— [x) = -—ax. 

OX Tq \x\ 



-rk(V u ) = -. 
r r 



(1.71) 



(1.72) 



Proposition 1.7.6. If ip(x) = f{\x\), x G 0\, is a radial function on 0\, f G 
C ,00 (lR + ) ; then for x = ktc\ we have 

B x ^{x) = (f'(\x\) + (d-d -e) ^/'(W)) ax + *f (do - f'(\x\)a(ke). 

Proof. We extend ip to V \ {0} by 

il){x) :=/(|x|), x^O. 

Now, for an orthonormal basis (e a ) a with respect to (— |— ) we put e a := a(e a ). 
Then (e a ) a is dual to (e a ) a with respect to the trace form r and for x = Y2 a x a e a 
we have ||x|| 2 = Yl a x a- Thus we can calculate 



x ^ d 2 i> 



)P(e a , ep)x + Ai ^2 ^-( x ) e a 



a,/3 

r 
r 
r 



dx a dx 

y- 

^— ' dx c 

a 

'5. 



OXr 



x p 



X 



P(e a , ep)x + — Ai V" ^/'(|x|)e a 



r 



rf AW) - -T^/'d^D + - tit AM) 

\x\ r n ir r n \xr 



P(e a ,ep)x 



f-A^fdxl) 



r 



;r 



r\ P(a(xj)x nixl)+ r 



x 



r 



P(e a )x r P(a(a;))x 



r 



\x\ 



a(x) 



x 



f(\x\y 
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Now 0\ = KiM + Ci, and since ip is .^-invariant, we obtain, using the equivariance 
property of Lemma 11.7.21 

BxMkta) = e{k- 1 )B Xl £(k)^(tc 1 ) = k-*B Xl ip(ta) = akaBx^itd). 

Therefore it suffices to compute Bx^itc^) for t > 0. With Lemma [1.2.51 and (ll.7ip 
we calculate: 



BxMtci) = t Cl f"(t\ Cl \) + ( Y,P(e a )ci + (Ai 

V a 



r 



a f(t\ Cl \) 



f"(t\ Cl \)t Cl + ^ (~ - d - e + L Xl ] /'(t| Cl |) Cl 



+ jU-^)f(t\ci\)e. 



Finally, for x = ktc\ we have \x\ = t\c\\ and we obtain with Ai — — 



2r 



Bx 1 ip(x) = akaBx?p{tci) 



f"(\x\) + (d-do-e) ±rf'(\x\)) ax + ^ (do - f ) f'(\x\)a(ke). 



\x\ J r \ 2 

This is the stated formula. □ 

The formula in Proposition II .7.61 can be simplified if one assumes that V is either 
euclidean or non-euclidean of rank > 3. (The remaining case is by Proposition 
11.2.11 V = M. p ' q which is treated separately in Appendix [BJ) For this we introduce 
the ordinary differential operator B a on M + which is defined by 

B a f(t) := fit) + (2a + l)±f(t) - f(t). (1.73) 

Corollary 1.7.7. Let ip(x) = f(\x\), x G 0\, be a radial junction on 0\. 

(1) IfV is euclidean, then 

(B Xl - ax)ijj(x) = B*f(\x\)ax + -f'(\x\)e. 

(2) IfV is non-euclidean of rank > 3 ; then 

(B\i - ax)i)(x) = B»f(\x\)ax. 
Proof. By Proposition 1 1.7.61 we have for x = ktc\. 

(Bx 1 — ax)ijj(x) = B d-dp-e-i f(\x\)ax H — - ( d ) /'(|x|)a(A;e). 

2 r \ 2 / 
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(1) If V is euclidean, then v = — 1 = d — d — e — 1. Further, Kl —HQ Aut(V) 
and hence ke = e for k G Kl. Therefore, 

(B Xl - ax)ip(x) = B»f(\x\)ax + -f(\x\)e. 

(2) If V is non-euclidean of rank > 3, then d = 2do and v = d — d Q — e — 1. Thus, 
we obtain 

(B Xl - ax)if>(x) = B*f(\x\)ax. □ 

Remark 1.7.8. The normalized J- and i^-Bessel functions I a (t) and K a (t) solve 
the differential equation B a u = (see Appendix ID. 1[) . This is why we call B\ the 
Bessel operators. Since K a (t) decays exponentially as t — > oo, it is used in the next 
chapter to construct an the L 2 -model of the minimal representation of a finite cover 
of the group G. 
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In this chapter we construct the minimal representation of a finite cover of the 
conformal group G. First, we construct its underlying (q, t)-module. We then show 
that it can be integrated to a unitary irreducible representation of a finite cover of 
G on L 2 (0, d/i). To motivate the definition of the Lie algebra action we show that 
it arises by taking the Fourier transform of the action of a certain principal series 
representation. 

Further, we prove that the ^-Casimir acts on the subspace of radial functions as 
a fourth order differential operator which will be studied in detail in Chapter [21 We 
also introduce a unitary operator To on L 2 (0, d/j,) which resembles the euclidean 
Fourier transform. 

Throughout this chapter V will always denote a simple real Jordan algebra, a a 
Cartan involution on V and we further assume that V + is simple. 

2.1. Construction of the minimal representation 

We first construct a representation of g on C°°(0\) for any A G W. For the minimal 
non-zero discrete Wallach point A = Ai = we then define a subrepresentation 
W of C°°(Oi) which is contained in L 2 (Oi, d/ii). Finally we show that W can 
be integrated to a unitary irreducible representation of a finite cover of G on the 
Hilbert space L 2 (Oi, d/xi). For the special cases V = Sjm(n, R) and V = W ,q we 
identify this representation with known representations. 

2.1.1. Infinitesimal representations on C°°(0\) 

On each Hilbert space L 2 (0\, dp A ), A G W, we define a representation p A of the 
parabolic subgroup P by 

p A (n a )^(x) := e^l a V(z) n a G N, (2.1) 

px{g)il>(x):=x{9*)h(9*x) 9£L (2.2) 

for ^ G L 2 (O x , dfi x ). 

Proposition 2.1.1. For A G W the representation p\ of P on L 2 (0\, dfi\) is 
unitary and irreducible, even if restricted to the identity component P of P. 
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Proof. Clearly, the operators P\(n a ), a G V, are unitary on L 2 (0\, dp\). Unitarity 
of the L-action follows from (11. 45ft and hence p\ defines a unitary representation of 
P on L 2 (0\, dp\). It remains to show irreducibility. 

For this we use Schur's Lemma. Suppose A is a unitary operator on L 2 (0\, dp\) 
which intertwines the P _ac tion. Since A intertwines the iV-action, we have 

I e- l{xla) A<P(x)4^jdfx x (x) = [ A{e-<-M<f>){x)iJ{x) d// A (z) 

= [ e- t{xla) (P(x)A^)dfi x (x) 
Jo x 

for all <f>, ip G L 2 (0\, dp\) and every a G V. This means, that the euclidean Fourier 
transforms of the tempered distributions A<fi(x)il)(x) dp\(x) and <j)(x)Ai()(x) dp\(x) 
agree in S'(V). The Fourier transform is an isomorphism of S'(V) and hence, 



A<p(x)tp(x) = 4 > (x)Aijj(x) /iA-almost everywhere. 

The function ip(x) := e - ^' 2 is clearly an L 2 -function and we obtain 

A(f)(x) = (i)(xY l A^(x)) ■ <f)(x). 

Therefore, A is given by multiplication with the measurable function u(x) : = 
ij)(x)~ 1 Aip(x). Now, A also commutes with the L -action. This implies that u 
is L -invariant . Since L acts transitively on 0\, u has to be constant. This means 
that A is a scalar multiple of the identity. By Schur's Lemma the Po- r epresentation 
p has to be irreducible and the proof is complete. □ 



It is a natural question to ask whether p\ extends to a unitary irreducible repre- 
sentation of G (or some finite cover) on L 2 (0\, dp\). One possible way to extend 
px is to extend the derived representation dp\ of p max to q and integrate it to a 
group representation. 

We define a Lie algebra representation d^ of g on C°°((9a) which extends the 
derived action of p\. On p max = ri + I we let 



Px(e' X ) VA'ep' 



t=0 



For ip G C°°(0\), the representation d^A is given by 

dn x (X)4>(x) = i(x^(x)\u) for X = (w,0,0), (2.3) 

dn x (X)^j(x) = D T , x tfj(x) + ^Tr(T>(x) for X = (0, T, 0), (2.4) 
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where we have used Proposition 11.5.31 for the t-action. In view of the Gelfand- 
Naimark decomposition (I1.48P it remains to define d7rA on n in order to extend it to 
a representation of the whole Lie algebra g. For this we use the Bessel operator B x 
(see Section [LT] for the definition). By Theorem II .7.51 the operator B x is tangential 
to 0\ and hence, for if) E C°°(0\) the formula 

dn x (X)iP(x) = ^(B x if)(x)\v) for X = (0,0, -v), (2.5) 

defines a function dTT X (X)ip G C°°{O x ). 

Proposition 2.1.2. For A G W the formulas (12. 3p . (12. 4p and (12. 5p define a repre- 
sentation dn x of g on C°°(O x ). This representation is compatible with p x , i.e. for 
p G P and X G g we have 

Px (p) dn x (X) = d7r x (Ad(p)X)p x (p). (2.6) 

Proof. We first show the compatibility condition (12. 6p . For X G p max = n + t this 
condition is immediate since dTT\(X) is just the derived action of the representation 
p\. It remains to show ( 12. 6 j) for p G P and X = (0, 0, — v ) Eri,vEV. 
(a) Let p = n u E N, u E V. Then Ad(p)X = {P{u)v, -2uDv, -v) by (OS]) . We 
calculate separately for (P(w)t>, 0, 0), (0, — 2uDv, 0) and (0, 0, —v). 

(1) First, we have 

d<Kx(P(u)v,0 7 0)p x (p)ip(x) = ie i( ~ x \ u \x\P(u)v)4)(x). 

(2) The adjoint of u\3v is (udv)* = (av)\3(au) and its trace is (using Lemma 

[mi) 

n n 

Tr((wOu)*) = Tr(wOu) = Tr(L(wf)) = —t(u,v) = — (au\v). 

Hence, 

d7i x (0,-2unv,0)p x (p)iP(x) 

= -2D (unv y x [e^if)\ (x) - — Ti((uDv)*)e l ^iP(x) 

n 

- - 2i{x\{uDv)u)e i ^iP{x) - 2e 1 ^ ] D {{av)u{au))x if){x) 

- Xe^iaulv^ix). 

(3) Finally, with Lemma [1.7. II we obtain 

dn x (0,0,-v)p x (p)iP(x) = i (B x [e^-^V] 
= - [B x ip(x) ■ e i(xlu) + 2P (^-(x), ^-e iixlu) ) x + if)(x) ■ B x e l{x \ u) 

% V V C/Qu CJ0C J 

= -^ u) (B x iP(x)\v) + 2e t{xlu) \^{x),auj x 

+ -e^ |u) (P(iQ;tt)a; + iAoit|v)^(a;) 
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1 , 

i 



e i(»l«) (B x i>(x)\v) + 2e^D {{av)u{au))x ^{x) 

+ ie l{x \ u \x\P{u)v)i){x) + \e i{x \ u \au\v)i){x) 



since 



pi d ^ 

P I — , au | a; 

ax 



((aw)D(au))x. 



dip 
dx 



D 



ip(x). 



Putting the three summands together gives 

1 , 



dn x (Ad(p)X)p x (p)1>(x) = -e^W (B x iP(x)\ v) = p x (p) dn x (X)iP(x). 

(b) Now, let p = g G L. Then (Ad(p)X) = (0,0, -g~*v) by ffToTj) . In this case 
the compatibility condition ()2.6p is exactly the statement of Lemma [1.7.21 
Now we show that d7r A is a Lie algebra representation, i.e. for X, Y G g we have 



d7r A (X)d7r A (F) - d7r A (F)d7r A (X) = dvr A ([X,F]). 
For Y G p max we have d7r A (F) 



(2.7) 



_d 

dt I 



| i=Q p A (e* y ). Therefore, for Y G p max the 
identity (12.71) follows from the compatibility condition (12. 6p by putting p := e tY and 
differentiating with respect to t at t = 0. By the symmetry of (12. 7p in X and K the 
remaining case is X, Y G n. So let X = (0, 0, —u), Y = (0, 0, —v), u, v G V. Then 
[X, Y] = by (05| and we find that 

d7r A (X)d7r A (YXx) = -(B x (B x ij;\v)(x)\u) 

E + E ^%)(^) 



a,/3 



E 



9 2 



dx n dx 



d 2 1p 



dXryOXS 



(x)(P(e 1 ,e s )x\v) 



+ E 



a 2 



dx n dx 



a UX/3 



dip 
dx~ 



x)(e 7 \v) 



dx a 
(P(e a ,ep)x\u) 

(P(e a ,ep)x\u) 



E 

a, 7, 5 



dXrydX$ 

+E 

a,7 



^)(P(e 7 ,e,5)x|v) 



(e a |u) 



<9x r 



E 

+ 2E 



0V 



dxadxadx^dxs 



d 3 ip 



»(P(e 7 , ej)a;|v)(P(e a , e^x^) 



a,/3,7,5 



dx a dx^dxs 



»(P(e 7 , e 5 )e /3 |w)(P(e Q , e^)s|it) 
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a, 7,<5 ' 

+ q x g x ^ )(P(e^e 5 )e a \v)(e a \u) 

a, 7, S ^ 

E9 2 tp / \ / i \ / i \ 

a, 7 ' 

The first and the last summand are clearly symmetric in u and v. The same holds 
for the sum of third and fourth summand. The fifth summand can be written as 



H dx dx ( x ) [ ^2r(P(e y ,e s )av,e a )e a 



7,(5 



U 



7,5 7,<5 ^ 

which is also symmetric in u and v since P(ae 7 , cte^) is a symmetric operator with 
respect to the trace form r. The same method applies for the second summand. 
Together we obtain that d7t\(X) dir\(Y)il)(x) is symmetric in X, Y e n which means 
that 

d7T A (X)d7T A (r)^(a;) - d7T A (r)d7T A (X)^(x) = 0. 

Hence, (12. 7p holds for all X,Y E Q and d7r A is a Lie algebra representation. This 
finishes the proof. □ 

Remark 2.1.3. In Section I2T21 we show that d7r A is the Fourier transformed picture 
of a principal series representation in the non-compact picture. The definition (12. 5p 
of the n-action is motivated by these considerations. This also gives an alternative 
proof that d7r A is indeed a Lie algebra representation. 



2.1.2. Construction of the (g, £)-module 

From now on we assume that the split rank r > 2 and consider only the minimal 
orbit 0\. For convenience, put A = Ai := d7r := d7r A , O := Oi, djj, := d/ii 
and B := B\. We use the notation 

X-ip := d7r(X)^, 

for the action of X £ g on a function ip G C 00 ((9). The representation d7r clearly 
extends to a representation of the universal enveloping algebra U(g) on C°°(0) 
whose action will be denoted similarly. 
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Let tp be the radial function on O defined by 



M*) -=^{\x\), 



x e O, 



(2.8) 



where K a (z) denotes the normalized if-Bessel function as introduced in Appendix 
ID. H and v is the parameter defined in (11.111) . By flD.9|) the function K a is a solution 
of the second order equation B a u = 0, where B a is the operator defined in (11. 73ft . 



W is clearly a g-subrepresentation of C°°(0) and Wq is a t-subrepresentation of W. 
To show that W is actually a (g, t)-module, we have to show that it is t-finite. The 
first step is to show that the generator ipo is t-fmite. This can be done by direct 
computation. For the precise statement we fix the following notation: Let V be any 
space of polynomials on V. Then we denote by K a <g> V the space of functions 

K a ® Lp : O -> C, x ^ K a (\x\)ip(x) 

with ip e V. For V we use 

C[V^]>fc := {p G C[V] : p is a sum of homogeneous polynomials of degree > k}, 

or the space of spherical harmonics 

U k (R n ) := {peC[x 1 ,...,x n } :pis homogeneous of degree k and harmonic}. 

Proposition 2.1.4. Let V be a simple Jordan algebra with simple V + . Then the 
t-module Wq is finite- dimensional if and only if V ^ W ,q with p + q odd, p,q > 2. 
If this is the case, W = E a ° with 



We put 



W :=U{t)il> 



and 





if V is euclidean, 

ifV is non- euclidean of rank > 3, (2.9) 



More precisely: 
(a) If V is euclidean, then 



Wo = C^o 



and the center Z(t) = lR(e, 0, — e 



) acts by 



dvr(e,0, -e)ip 




rd . 
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(b) IfV is non-euclidean of rank r > 3, then 

Wo = C^o 

and ipQ is a t-spherical vector. 

(c) IfV = M. p ' q with p + q even, p, q > 2, then 



2 



0/^ +fc ®H fe (M p )=H^(M p+1 ) ifp<q, 

2 

0ir s+fc «)^(R^)^^ £ ?(R?+i) ifp>q, 



(2.10) 



^ k=0 



(d) IfV = W' q with p + q odd, p,q>2, then 

oo 

0/? f+fe ®H fc (M p ) ifp<q, 



W = { 



k=0 

oo 



(2-11) 



02^ +fc ®tt fc (R») ifp>q. 

^ k=0 



Proof. Since ipo is -^-invariant, clearly d7r(fi[)'0o = 0. Therefore it suffices to apply 
elements of the form (u, 0, —a{u)) G t, u G V, to t/> - By (12. 3p and (12. 5p we have 



dTi(u, 0, — a{u))il){x) = -t((B — ax)ip(x),u). 



(2.12) 



Now we have to distinguish between three different cases. 
(1) If V is euclidean, then by Corollary 11.7.71 (1) 

1 



ld~, 



d7r(u, 0, -a(u))^ (x) = - BkKk(\x\)(x\u) + --K'»(\x\)tr(u) 



i 2 2 



Since v = —1, we have by (ID. 71) 

KM) 



71 



and therefore i^i(|x|) = —Ke(\x\). Altogether this gives 



d 



dir(u, 0, —a(u))ipo(x) = i-tr(u)ip (x). 



(2.13) 



Hence, Wq = Ctpo- Putting u = e gives the action of the center Z(t) = 
E(e, 0, — e). Further, for u = Ci, 1 < i < r , we find that W is of highest 
weight \ J2Zi 7*- 
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(2) If V is non-euclidean of rank r > 3, then d = 2d Q (see Proposition 11.2.1"]) and 
with Corollary 11.7.71 (2) we obtain 

d*(u,0,-<x(u))Mx) = \ B ^{\x\){x\u). (2.14) 

This implies that W$ = Cipo is the trivial representation. 

(3) Now, for the case V = M. p,q , p, q > 2, the calculations can be found in Appendix 

EU □ 

Remark 2.1.5. The fact that ip is not {-finite if V — M. p ' q with p + q odd corre- 
sponds to the result by D. Vogan that no covering group of SO(p + l,q+ l)o has a 
minimal representation if p + q is odd and p, q > 3 (see |Vog81[ Theorem 2.13]). 

Now a standard argument shows that the fact that tpo is {-finite already implies 
that W is {-finite. Since we could not find a reference for this basic fact, we include 
a short proof. 

Lemma 2.1.6. If Wo = U(t)ipo is finite-dimensional, then W = U(o)tpo is a (g, £)- 
module. 

Proof. Let q 1 := g c © C C U(q) and define W n+ % := Q\W n for n > 0. We claim that 

(1) W n is finite-dimensional for every n, 

(2) W n is {-invariant for every n, 

(3) W = {J n W n . 

The first statement follows easily by induction on n, since Wq and gi are finite- 
dimensional. The third statement is also clear by the definition of For the 
second statement we give a proof by induction on n: 

For n = the statement is clear by the definition of Wq. For the induction step let 
w G W n+ i and X G t. Then w = 52 . l^f j with G gi and G W n . We have 

Xw = J2 X ( Y i v i) = Y^mYfa+YjiXvj)). 
j j 

Here [X, Yj] G gi and hence [X, Yj]vj G W n +i for each j. Furthermore Xvj G W n 
by the induction assumption and hence Yj(Xvj) G W n +i for every j. Together this 
gives Xw G W n+ \ which shows that W n+ \ is {-invariant. 

Now the {-finiteness of every vector w G W follows. □ 

To see that W integrates to a representation on L 2 (0, dfi) we have to show that 
W is contained in L 2 (0, d/u,). 

Proposition 2.1.7. (a) If V is a simple Jordan algebra of rank r > 3, then 

oo 

H/C0K |+ ,®C[V]> 2 , CL 2 ((9, d/i). (2.15) 

1=0 
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(b) IfV = W' q with p + q even, then 

^ f+fe+ , ® C[V]> fc+2 , C L 2 (0, dfi). (2.16) 

fcO fc=0 

(c) IfV = R p ' q with p + q odd, then W L 2 (0, d/x). 

Proof, g = t + p max implies Ufa) = W(p max )W(!) by the Poincare-Birkhoff-Witt 
Theorem. Therefore 

W =U(g)^ =U(p iaax )W . 

Now if V ¥ M. p,q with p + q odd, then by Proposition 12.1.41 the 6-module Wo is 
already contained in the direct sum in (12 . 1 5[) or (I2.16p . respectively. (In fact, Wo 
is contained in the direct summand for £ — 0.) Therefore, it suffices to check that 
these direct sums are stable under the action of p max = n + I. We check the actions 
of n and [ separately. 

(1) Action ofn. By (12. 3p the action of n is given by multiplication by polynomials. 
This clearly leaves the direct sums invariant. 

(2) Action of I. In view of (12. 4p it suffices to show that the operators Dj< x for 
T G t = stx(V) leave the direct sums invariant. But this is a consequence of 
the following calculation which uses (ll.72p and (ID . 1 1 1) : 



D 



Tx 



K* +k (\x\)(p(x) 



r Kl +k (\x\) 

— (Tx\x) — ip(x) + K» +k (\x\)D Tx (p(x) 

r \x\ 2 

f ~ ~ 

- — K» +k+1 (\x\) ■ (Tx\x)<p(x) + K» +k (\x\) ■ D Tx ip(x) 



2r 



This proves the first inclusion in (12.151) and (I2.16p . It remains to show the L 2 - 
statements. 

Note that by (I1.46P a function K a (g) tp (tp e C[V] homogeneous of degree m) is 
contained in L 2 (0, dfi) if and only if K a (t)t m £ L 2 (R + , t» +u+1 At). By jrl2T]) the 
K-Bessel function K a (t) decays exponentially as t — > oo and hence K a (t)t m G 
L 2 ((l, oo), t fl+u+1 dt) for any a G R and m > 0. Therefore it suffices to check the 
asymptotic behavior of K a (t)t m as t — > 0. For a < we obtain with (ID. 201) that 
also K Q (t)t m G L 2 ((0, l),^ +!y+1 dt) for any m > (use LemmaOU fi + u + 1 > 0). 
A similar argument settles the case a = 0. Hence, we may restrict ourselves to the 
case a > 0. In this case (see ( ID.20p ) 



K a (t) ~ const • t~ 2a as t -)■ 0. 

Therefore, K a {t)t m G L 2 ((0, l),^ +I/+1 dt) if and only if 

/x + z/ + 2m-4a + 1 > -1. 
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(a) For V simple of rank r > 3 we have to show that K^ + i(t)t 2i G 
L 2 ((0, 1), t» +u+1 dt) for any £ G N . With a = f + £ and m = 2£ we obtain 

/i + v + 2m-Aa + l = p-z/+l>l> -1 

by Lemma [1.3. II 

(b) In the case where V = W ,q with p + q even we need to prove that 
K' +k+e (t)t k+2e G L 2 ((0, l)^ +u+1 dt) for fc = 0, . . . , |*f2| and £ G N . In this 
case p = max(p, q) — 2 and z/ = min(p, g) — 2. With a = | + + £ and 
m = + 2£ we obtain 

p + v + 2m - 4a + 1 = \p - q\ - 2k + 1 > 1 > -1. 

(c) Now assume that V = R p,g with p + q odd. By (12. lip the ^-module W 
contains functions K» + k ® (p with (p G C[V] homogeneous of degree k where 
k is arbitrary. For large k we have a = | + A; > and with m = k we obtain 

/i + z/ + 2m-4a + l = /i-z/-2£; + l 

which is < — 1 for k large enough. Hence, W £ L 2 (0, d/i) in this case. 
This proves the L 2 -statements and completes the proof. □ 

To make sure we obtain a unitary representation we show the following proposi- 
tion: 

Proposition 2.1.8. The (Q,t)-module W is infinitesimally unitary with respect to 
the inner product of L 2 (0, dfi). 

Proof. Since the group P acts unitarily on L 2 (0, dfi) by p^u its infinitesimal action 
dpAi — d7r| p max is infinitesimally unitary with respect to the L 2 inner product. This 
shows that the action of n and [ on W is infinitesimally unitary. (In fact, one 
can easily prove unitarity of these actions directly with (12. 3p and (12. 4p .) Since 
the action of n is by (12. 5p given in terms of the Bessel operator B, it follows from 
Proposition 11.7.41 that fi acts by skew-symmetric operators on L 2 (0, dp). In view 
of the decomposition g = n + I + n this finishes the proof. □ 

The last ingredient to integrate the (q, t)-module W is admissibility. 

Proposition 2.1.9. Assume that V ^ W' q , p + q odd, p,q > 2. Then W is 
admissible. 

Proof. We use the criterion |Wal88[ Corollary 3.4.7]. Therefore, it suffices to show 
that every X G Z(g), the center of U(g), acts as a scalar on W. To show this we ap- 
ply [Wal88, Proposition 1.2.2]. Recall that (p\ x , L 2 (0, dp)) is a unitary irreducible 
representation of Pq by Proposition 12.1.1] The space D := p\ 1 (P )W is contained 
in L 2 (0, dp) since W C L 2 (0, dp) by Proposition 12. 1 . 71 and p Xl acts on L 2 (0, dp). 
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Since D is i^o - invar iant , it has to be dense in L 2 (0, d/i). Further, a closer look at 
Proposition 12X71 shows that W C C°°(0) and hence D C L 2 (C, d/i) n C°°(£>). 
Therefore, T := d7r(X) is also defined on D. Since 

d7i(Y)p Xl (p)w = p Xl (p) dvr(Ad(p- 1 )F)«; VF G W(fl),p G P , ^ G W, 

by (12. 6p . it follows that T : P — >■ D. Further, using that T G we have 

Tpx^ijp) = p\ 1 (p)T for all p G Pq. The adjoint 5 := T* of T with respect to the L 2 
inner product is by Proposition 12 . 1 .81 also given by the action of an element of 14(g). 
Therefore, S also acts on D. Applying [Wal88, Proposition 1.2.2] to this situation 
yields that T is a scalar multiple of the identity on D. Since D contains W, the 
claim follows. □ 

2.1.3. Integration of the (q, £)-module 

Now we can finally integrate the (g, t)-module W to a unitary representation of a 
finite cover of G. For this we first construct the finite cover of G on which we will 
define the representation. 

In Section 11.6.21 we constructed the universal covering group G of G. Note that 
in the euclidean case, the covering G — > G is not finite. Thus, we have to factor out 
a discrete central subgroup. 

Let k G N be the smallest positive integer such that 



for the positive part of a real number Then the following lemma holds: 

Lemma 2.1.10. The discrete subgroup 




Here we use the notation 




r := exp g (fc7rZ(e, 0, -e)) C G 



is central in G and the group G := G/Y is a finite cover of G with covering map 



pr : G ->■ G, gY ^ pr(g-). 



Moreover, K := K/Y C G is a maximal compact subgroup of G. 
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Proof. By (ll.62p we have exp G (ir(e, 0, — e)) = 1. Therefore, T has to be central in 
Go since it projects onto 1 G G . We claim that T is also central in G. Since G is 
generated by Go and a, it suffices to prove that 

Ad(5) expg o (A;7r(e, 0, -e)) = expg o (fc7r(e, 0, -e)). 

But since Ad g (5) = Ad g (a) on g by (ll.64p . this follows from ( I1.57P and the fact that 
ae = e. Thus, r C G is a discrete central subgroup and the quotient G := G/Y is 
again a group. By fll.62p we have exp Go (X) = 1 for any X G /c7rZ(e, 0, — e) and thus 
the covering map pr : G — > G factors through G/Y and hence defines a covering 
map pr : G — > G. It remains to show that the cover G — > G is finite and K = K/Y 
is a maximal compact subgroup of G. 

(a) If V is non-euclidean, then by Lemma 11.6.21 the maximal compact subgroup 
K of G is semisimple. Hence, its universal covering K is a finite covering and 
therefore A' is a maximal compact subgroup of the universal covering G of 
G. Passing to quotients modulo the discrete central subgroup Y preserves this 
property. 

(b) Now let V be a euclidean Jordan algebra. Then 

t=Z(l) + [t,t], 

where Z(t) = M(e, 0, — e) by Lemma fl . 6 . 2 1 and [t,t] is semisimple. Therefore, 
the universal covering K C G of K is given by 

K = R x 1{^ S , 

where the first factor R is the exponential image of the center Z(t) and K ss 
denotes the analytic subgroup of K with Lie algebra [t,t]. The group K ss 
is compact since K ss is semisimple and compact. Therefore, factoring out Y 
yields a compact group 

K = K/Y = S 1 x K^. 

Hence, the covering K — > K is finite. A is a maximal compact subgroup of G, 
because A is a maximal compact subgroup of G. Thus, the covering G — ^ G 
is also finite in this case. □ 

We denote by a the projection of a under the covering map G — > G. (For the 
choice of a see Section 11.6.21 ) Further, let P := pr _1 (P). 

Example 2.1.11. (1) Let V = Sym(n,R). We claim that 

{Mp(ra,M) for n = 1,3 (mod 4), 

Sp(n,R) forn = 2 (mod 4), 

Sp(n,R)/{±l} forn = (mod 4). 
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First note that the fundamental group 7i"i(Sp(n, R)) = Z is generated by the 
closed curve (see e.g. |Fol89|. Proposition 4.8]) 



[0, 2tt] ->• Sp(ra,R), 9 ^ 



cos 9 ■ l n sin 9 ■ l r 
— sin 9 ■ 1„ cos 9 ■ 1, 



Since y(<io ~~ §)+ = x = f > we obtain for the integer A;: 

4 for n = 1, 3 (mod 4), 
2 for n = 2 (mod 4), 
1 for n = (mod 4). 



and the claim follows. 

(2) For 1/ = W'\ p + q even, we have that f (d - |)+ 

k = 1. The Lie algebra element &7r(e, 0, — e) = vr(e, 0, — e) corresponds to 



^2^)+ e ^ an d hence, 



/ -2tt 
2tt 



V 



°7 



via the isomorphism g=so(p + l,g + l) (see Example 11.6.11 (2)). Since the 
exponential function of SO(p + 1, q + l)o applied to this Lie algebra element 
is equal to 1, the group Go is a finite cover of the group SO(p + l,q + 1)q. 

Now, in a first step, we integrate the (g, t)-module to a unitary representation of 
Go- 

Theorem 2.1.12. Assume that V ^ W ,q with p + q odd, p, q > 2. Then there is 
a unique unitary irreducible representation ir of Gq on L 2 (0, dfi) with underlying 
(g,t) -module W. The representation ti has the additional property that 



Proof. The (g,t)-module W clearly integrates to a (g, K )-modu\e since K is con- 
nected and simply-connected. (Note that in the euclidean case Kq is not compact.) 
By Proposition 12. 1.41 the element &7r(e, 0, — e) acts on the highest weight vector ip + 
of Wo by the scalar 

2ni ■ k^- (^d - | 

which is in 27rzZ by construction. Therefore, the central element 7 := 
exp(kir(e, 0, — e)) of K acts trivially on ip + and hence, by Schur's Lemma, also on 
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Wq. We claim that 7 also acts trivially on W. By the Poincare-Birkhoff-Witt 
Theorem we have W = U(p)U(t)ip = U(p)W . Let 

00 

n=0 

be the natural filtration of U(p). Then clearly 

00 

W= [jU n {p)W 

rc=0 

and it suffices to show that 7 acts trivially on every U n (p)Wo. We show this by 
induction on n G No- For n = we have Uq{p)Wq = Wq on which 7 acts trivially 
by the previous considerations. Now suppose 7 acts trivially on U n (p)Wo- By the 
results of Section 11.6.31 the space p is the direct sum of eigenspaces of ad(e, 0, — e) 
for the eigenvalues —2i, and +2i. Hence 

Ad( 7 )X = e fc ™ d ( e '°'- e )x = X VX G p. 

For w G U n (p)Wo and every X G p we obtain 

7 • Xw = Ad(7)X ■ 'yw = Xw 

by the induction hypothesis. It follows that 7 acts trivially on U n+ i(p)Wo and the 
induction is complete. 

Since the subgroup T is generated by 7 which acts trivially on W, the whole discrete 
central subgroup T acts trivially on W. It follows that the representation factorizes 
to a (g, i?o)-module. (In contrast to K Q , the group K is compact in both the 
euclidean and the non-euclidean case by Lemma [2.1.101 ) 

So far, we have constructed a (g, Ko)-modu\e, where Kq C G is a maximal compact 
subgroup of the semisimple Lie group Go and g is the Lie algebra of Gq. Since W 
is admissible by Proposition I2.1.1J| it integrates to a representation (7To,H) of Go 
by a standard theorem of Harish-Chandra (see e.g. [Wal88, Theorem 6. A. 4. 2]). 
Now, W is already infinitesimally unitary with respect to the L 2 inner product (see 
Proposition I2.1.8p . Thus, H C L 2 (0, d/x) and ttq is unitary with respect to the 
L 2 -inner product. Further, ttq and p\ x opr agree on Jo since they have the same Lie 
algebra action. Now, PaJp ^ s irreducible on L 2 (0, d/i) by Prop osit ion 12 . 1 . 11 Hence 
H = L 2 (0, d/i) and {ito,'H) is also irreducible as Go-representation. This shows the 
claim. □ 

Now it is only a technical matter to extend the representation ttq from Go to G. 

Proposition 2.1.13. The representation tt extends uniquely to a representation 71 
of G such that 

t(p) = PAi(pr(p)) VpGP. 
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2.1. Construction of the minimal representation 

Proof. The group G has at most 2 connected components: Go and q:Gq. The same 
is true for P. We then have the following commutative diagram with exact lines in 
the category of groups: 

{1} — PO-^P — TTo(P) — {1} 



C 







c 










Here 14(TL) denotes the group of unitary operators on the Hilbert space TL = 
L 2 (0, d/i). To extend ttq to G such that it agrees with p\ 1 o pr on P, we first 
have to show that 7r coincides with px 1 o pr on the intersection Go H P. By Theo- 
rem [2UTT21 they already agree on P . Therefore, we have to deal with other possible 
connected components of Go D P. 
We first claim that 

7To(P)^7ro(G) 

is surjective. In fact, since G is generated by P and j, the finite cover G is generated 
by P and pr _1 (j). Since pr _1 (j) is contained in the identity component Go, we have 
G = PGo and the claim follows. Note that tto(P) and 7To(G) are of order at most 2. 
Now we show that 

7T = p\i ° pr on G n P. 

(a) If V is euclidean, then P = Pq and Go D P = Pq. As previously remarked, 

— P\\ ° P r holds on P . 

(b) Next, if V = W ,q , then ^o(P) — > vr (G) is always an isomorphism (see Exam- 
ples OTP (2) and 12.1.111 (2)) and again it follows that G ( _ , n P = Pq. 

(c) Finally, let V be non-euclidean with d = 2do- If & e G\ Go, then the order of 
7To(G) is 2 and 7To(P) — >■ 7T (G) is even an isomorphism. Hence, Go D P — Pq 
as in (a) and (b) and we are done. 

It remains to check the case where a G Ko C Go- Since P is generated 
by P and a it suffices to show 7r (a;) = p\ 1 ( 1 pT(a)) = px^a). Let A := 
PAi(a) ° 7To(tt -1 )- Since Ad(a) : P — > P , we have for p G pj: 

A o p Al (pr(p)) = PAi(a) ° 7To(« _1 ) o tto(p) 

= p Al (a) o 7r (Ad(a _1 )p) o 7r (a _1 ) 

= PAi(pr(a)) o PA 1 (pr(Ad(d" 1 )p)) o ^(d^ 1 ) 

= P\i(w(p)) ° PAi(pr(a)) o 7r (a _1 ) 

= p Xl {pr(p)) o A. 
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Hence, A commutes with the representation p Al |p - But PxApo * s irreducible 
and therefore A = z ■ id% for some z G C. We claim that Aipo = ipo and hence 
z = 1. In fact, on the one hand we have p\ 1 (a)'i/)o = ipo by (12. 2p . On the 
other hand, at G K and ip is killed by d7r(t) (see Proposition 12.1.4)) . hence 
7ro(a)^o — V'o- This shows the claim. 
Finally, we can show that and 7r extends uniquely to a representation 7r : G — > U(H) 
with 7r = p\ 1 o pr on P. First, uniqueness of 7r is clear, since G = PGq. For 
the existence, let g G G. Then gGo = pGo for some p G P by our previous 
considerations. Hence, g = pgo with go G Go- We then define 7r by 

tt(^) : = /0Ai(pr(p))7T O (0o)- 

It remains to show that this gives a well-defined homomorphism 7r : G — > U(%). 
Well-definedness is again obvious: Suppose pgo = p'g' with p,p' G P, go,g'o £ Go- 
Then p /_1 p = g' Q gQ 1 G P PI G . Since p Al o pr and n agree on P fl G , we obtain 

p Al (pr(p /_1 ))p Al (pr(p)) = 7r (# Ko(#o 

and hence 

PAi(pr(p))*b(<7o) = P\i(Mp))M%)- 

Thus, 7r is well-defined. We now prove that 7r is indeed a group homomorphism. 
For this suppose that 

p'doP"9o = P9o 

with p,p',p" G P and go,g' ,g ' G Go. We have to show that 

p Al (pr(p')) ^0(^0) PAi(pr(p")) ^(^o) = /0Ai(pr(p)) o 7r (g )- 

Rearrangement gives g' p" = p'~ l pgogo'~ ■ Therefore, p" and p /_1 p lie in the same 
connected component of G. Hence, one can find h G Go such that p /_1 p = p"ho- 
Together we have g' Q = p"/iofl , ofl , o _1 P" _1 = ^-d(p")(/io5 , ofi , o _1 )- Thus we are finished if 
we show that 

7r (AdG»)£ ) = Ad(p Al (pr(p)))7r o (0o) Vp eP,g e G . 

Since Go is connected, it is generated by exp(j o (g). Therefore, it suffices to show 

dvr(Ad(p)X) = Ad(p Al (p)) dvr(X) Vp G P, X G g. (2.17) 

But this was already shown in Proposition 12.1.21 and the proof is complete. □ 

Corollary 2.1.14. Let V be a simple Jordan algebra which is not of rank r = 2 with 
odd dimension. Then all coefficients (B\a) , a G V , of the Bessel operator extend to 
self-adjoint operators on L 2 (0, dp). 
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Proof. It is a general result that for a unitary representation the Lie algebra acts 
by skew-adjoint operators. Then the claim follows from ( 12. 5p . □ 

Remark 2.1.15. We do not give a proof here that 7r is in fact a minimal repre- 
sentation in the sense of [GS05J. For this we refer to |Sah92|. Section 3.4, Remark 
2] for the euclidean case, [DS99 S Remark after Theorem 0.1] for the case of a non- 
euclidean Jordan algebra of rank > 3, and |K0O3al Remark 3.7.3 (1)] for the case 
V = W' q . 

2.1.4. Two prominent examples 

We show that the representation ir of G is for V = Sym(n, R) isomorphic to the 
metaplectic representation (see [Fol89, Chapter 4]) and for V = M. p ' q isomorphic to 
the minimal representation of 0(p + 1, q+ 1) as studied by T. Kobayashi, B. 0rsted 
and G. Mano in |K0O3a[ IK0O3H |K0O3cl IKM07al IKM07b| . 

The metaplectic representation 

The metaplectic representation \i as constructed in |Fol89, Chapter 4] is a unitary 
representation of the metaplectic group Mp(n, IR), the double cover of the symplectic 
group Sp(n,R), on L 2 (R n ). We do not want to give a construction here, but we 
later state the Lie algebra action which uniquely determines the representation \i. 
The metaplectic representation splits into two irreducible components (see (R)189, 
Theorem 4.56]): 

where Lg ven (R n ) and L^ dd (M. n ) denote the spaces of even and odd L 2 -functions, re- 
spectively. We show that for V = Sym(n, R) the representation tt as constructed 
in the previous section is isomorphic to the even component Lg ven (M n ). A detailed 
analysis of the metaplectic representation can e.g. be found in [Fol89[ Chapter 4]. 

Denote by dfi the infinitesimal version of the metaplectic representation, d/i 
is a representation of Sp(n, R) on Lg ven (IR n ) by skew-adjoint operators. By [Fol89, 
Theorem 4.45] we have 




for C G Sym(n,R), 
for A e M(n,R), 
for B e Sym(n,R). 
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On the other hand, d7r is a representation of g on L 2 (0) by skew-adjoint opera- 
tors. Now g = sp(n,R) by Example [QTT1 (1) and L 2 (0) = L 2 even (R n ) by Example 
11.5.111 (1). We show that under these identifications combined with the automor- 
phism of Sp(n, R) given by 



A C \ f C \ f 0r 

B -A' r -4 I B -A* ) [ -A- 



-A 1 -7iB 

7T 

the representations d/Li and d7r agree. More precisely, we prove the following equal- 
ity of skew-adjoint operators on L 2 (0): 

Proposition 2.1.16. For A G M(n,R) and B,C G Sym(n,R) we /iawe 

U o d7r(C, A, 5) = d/x i 2±q ) ° U 

with U : L 2 (0) ->■ i&«m(R n ) as m (Q7jl . 

Proof. Choose an orthonormal basis of V = Sym(n, R) with respect to the inner 
product (x\y) = Tr(xy). Then for 1 < i < n: 



% % ~ dx a dyi ^ dx a dyi 

■^w-gw,).. 

(a) Let (C, 0, 0) G g, C G n = Sym(n, R). Then 

Un(l c ° ) o u\ ^{y) = i J2 CjU.Ujlh-iu) = iTriyytyUMy) 

= i{yy t il>(yy t )\C) = (Wo d7r(C,0,0))V(y). 

(b) Let (0, A, 0) G g, A G I = gI(n,R). A acts on V by A • x = Ax + xA l (see 
Example HXS1 (1)). Then 

( d/i ( ~f a) o1( ) = % ^^(w*) + ^W(yy*) 



»J=1 
n 



2 £ (.A'y), (^(yy*)y) + ^{A)^) 



\ dx 
AW) + (yy^A 

(Uo d7r(o,AO))V(y) 



i=i 
tr„.„.t\ 



^(yy^+l-TriAWyyt) 
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2.1. Construction of the minimal representation 



since 



Tr(V -> V,x^ A-x) = (n + l)Tr(A). 
(c) Let (0, 0, B) G g, B G n = Sym(n, R). Then 



n 
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vrfi 


d 2 
' V dyidy 



lf 5 A 



7 E s « E d^M ){eayUe ^ + ^ E ^ E |^V)( e « 



ij=l ct,/3 



n 



n 



* dx a dxp 



i dx a dxp 

a,p 



1 f dip 

tj'=l i,j=l 

^ (^)(P(e a ,e,)(^)|5) + l(g(^ 



<9x 
5 



l - (B^yy 1 ) | £?) = (U o d7r(0, 0, -5)) 



□ 



To obtain an intertwining operator between the group representations 7r and /x 
note that the group G is by Example 12. 1.11 1 (1) always a quotient of the metaplectic 
group Mp(n, R). Therefore, we can lift tt to a representation of Mp(n, R) which we 
also denote by 7r. Then we have the following intertwining formula: 



Corollary 2.1.17. For g G Mp(n, 

U o tt^) = // ( Ad 

Hence, 



we have 


i 



g\oU. 




i 







■W : L 2 (C) — > L 



2 ( 

even \ 



vis an intertwining operator between tt and \i. 
Proof. This now follows immediately from (j2.18|) . 



□ 



Remark 2.1.18. Together with Example 12. 1.1 11 (1) the previous proposition shows 
that the even part of the metaplectic representation descends to a representation 
of Sp(n, R) if n is an even integer, and even to a representation of Sp(n, R)/{±1} 
if n G 4Z. This can also seen from the explicit calculation of the cocycle of the 
metaplectic representation in [LV80, Section 1.6]. 
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The minimal representation of 0(p + 1, q + 1) 

Let V = M. p ' q , p, q > 2. Then by Example 11.5.41 the minimal orbit = 0\ is the 
isotropic cone 

= {x G M p+9 : x\ + . . . + x\ - x 2 p+l - ... - x 2 p+g = 0} \ {0}, 

and the group Go is a finite cover of SO(p + l,q + l)o by Example 12.1.111 (2). 
In [K0O3cj T. Kobayashi and B. 0rsted construct a realization of the minimal 
representation of 0(p + l,q + 1) on L?[0\ We use the notation of |KM07bj and 
denote by u the minimal representation of 0(p + 1, g + 1) on L 2 ((9). The action uj of 
the identity component SO(p+l, g+l)o is uniquely determined by the corresponding 
Lie algebra action da;. Let / : g — > so(p + 1, q + 1) be the isomorphism of Example 
[TXD (2). Then by |KM07bl equations (2.3.9), (2.3.11), (2.3.14) and (2.3.18)] we 
have 

« 

dco(f(u, 0, 0)) = 2i UjXj = i(x\u) for u G V, 

Mf(0, T, 0)) = D T , X for T G so(p, g), 



<M/(0, si, 0)) = ^ + /i + ^ + 2 S G R, 

i=i ^ 
1 ™ 

dw(/(0, 0, -au)) = Vj> for v G V, 

i=i 

where P, denotes the second order differential operator 



d 

Pj = e j x j U-(2E + n-2) 



with 



9 



2 



T for 1 < j < p, 
■1 for p + 1 < j < n. 



Proposition 2.1.19. For X G Q we have 

du(f(X)) = dvr(X). (2.19) 
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Proof. By ([23]) and (J2~3D the formula ( ESP clearly holds for X G n and X G I. It 
remains to check the case X = (0, 0, —av) G n, v G V. In this case d7r(X) is given 
by (see (jOI ) 

d?r(XWx) = 

z 

We calculate Bip(x) explicitly. Let (ej)j be the standard basis of V = M ra . The dual 
basis with respect to the trace form r is given by ej := h e j e ji where 



+1 for j = 1 and p + 1 < j < n, 
1 for 2 < j < p. 

A short calculation shows that 

Kxjei + Xi&j) for 

P(ei,ej)x = { |ei(xiei + a^e*) - ±e;x for z = j ^ 1, 

~x for % = j = 1. 

Hence, 

/n/- _ \ p + q — 2 dip . 

i,j=l 1 ^ i=l * 

3„/. /I \ P+9 o2 



<9x 2 



/l \ ^tffy, (I . 1 \ 

d 2 ip ( 1 . _ _ \ p + q — 2 dip 



i 1=1 J \ / 



t-r 1 dxidxj \2 J 2 dxt 

2 €hXk 'dxJ^ + f-* ftr 2 ^ (j^ 1 ^ + XiSik ~ 2 €i€kXk J 



— - d 2 ip , p + q — 2 dip 



^ ' flnr flnr, ^ ^ 



' dxidxk 2 dxi, 

i=i 



X 



= --e k x k nip + e^ + P + «- 2 pL = A Pk . 

2 * dx k 2 dx k 2 

This shows (I2.19P and finishes the proof. □ 

The previous proposition now implies the following result for the group represen- 
tations: 

Corollary 2.1.20. The representation tt of Go descends to the group SO(p+l, q+l)o 
on which it agrees with u. 

Remark 2.1.21. Second order differential operators similar to the operators Pj 
appear also in |LS99| Section 2]. (In [LS99J they are denoted by and Qj.) 



79 



Chapter 2. Minimal representations of conformal groups 



2.2. Generalized principal series representations 

In this section we show that the definition of the action d^A is motivated by the 
study of certain principal series representations u s of G. More precisely, the action 
of every diT\, A G W, is obtained by taking the Fourier transform of the non- 
compact picture of some principal series representation duj s . 

Recall that p max denotes the maximal parabolic subgroup of G corresponding to 
the maximal parabolic subalgebra p max (see Section fl . 6 . 1 [) . P max has a Langlands 
decomposition p max = £™ ax x j\r with L max C Str(V). For s G C we introduce the 
character 

Xs(g) ■= \x(g)\ s+ %, geL™, 



of L max and extend it triviallyto the opposite parabolic P max := £ max x jV. Consider 

*-pn 



the induced representation (I Sj lo s ) := Ind p max (x s ) with 



i. = {fe C°°(G) : f(gp) = Xs (p)f(g) Vg e G,p g P max } 

and G acting by the left-regular representation. By the Gelfand-Naimark decom- 
position jVP max C G is open and dense. Therefore, a function / G I s is already 
determined by its restriction := f(n x ) (x £ V) to N = V. Let J s be the 

subspace of C°°(V") consisting of all functions /y with / G I s . Let u s be the action 
of G on I s given by 

u s (g)fv ■■= (u s (g)f)v, g e G, / g J s . 

This action can be written as (cf. |Pev021 Section 2]) 

u s (g)v(x) = XsiDg^ix^fig^x), x ev, 

for g G G and 7/ G P, where Dg~ l (x) denotes the differential of the conformal trans- 
formation g~ l at x, whenever it is defined. Calculating the differential explicitly 
yields (see |Pev021 Section 2]) 

U} s (n a )r](x) = r)(x - a), n a G N, 

u s (g)v(x) = x-Gr^GrH g e £ max , 

u 8 (J)t](x) = \det(x)\~ 2s ~~r](— aT 1 ). 

Let us describe the infinitesimal version du s of u s (cf. |Pev02t Lemma 2.6]): 
du) s (X)r)(x) = -D u 7](x) for X = (u, 0, 0), 

du; s pf)7?(z) = - - + - Tr(T) V (x) - D TxV (x) for X = (0, T, 0), 



V n 2 , 

dw s (X)^(x) = - (2s + -J r(x, u)7?(a;) - D P{x)v r](x) for X = (0, 0, -v). 
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2.2. Generalized principal series representations 
Now for A G W consider the Fourier transform T x : L 2 (O x , d/i A ) — > S'(V) given 

by 

F x <iP{x)= f e~«*Mil>(y)dnM, x eV. 

We show that J- x intertwines the actions of d7r A and duj s for a certain s: 
Proposition 2.2.1. Let A G W and s := \ (A — -) . T/ien /or X G we /iai>e 

J- A d7T A (X)= d0U s (X)oF x . 

Proof. (1) Let X = (u, 0, 0), it G V. Then 

JT A o d7t x (X)4j(x) = i I e-Wti {y^{y)\u) dfi x (y) 

(iy\u)e-«*Ml>(y)dfi x (y) 

-D u [ e-^y^(y)dfi X (y) 
duj s (X) o F x tl)(x). 



(2) For X = (0, T, 0), T G t, the intertwining formula can more easily be checked 
on the group level. Let g G L. Then by (II. 45ft : 



o x 



Xsig- 1 ) e^ 1 ^(y)d f i X (y) = x(gT s ^ e^'^y) d^ x (y) 
Jo x Jo x 



X (sT)i I e i ^(g*y)d f i X (y) 



X 



Now the intertwining formula for the derived action follows by putting g := e tx 
and differentiating with respect to t at t — 0. 
(3) Let X = (0,0,— v), u G V". By Theorem 11.7.51 the operator i3 A is symmetric 
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on L 2 (0\, dfi\) and hence 

T x o d7r A (X)^(x) = - / (B x ^{y)\v) d// A (y) 



(9 



A 



(B x e-^\v)4>(y) d» x (y) 



(P(-iax) ye- i{xly) - i\axe- i{xly) \v) ip{y) d/i A (j/) 

'a 

((i J/e ~i(»l») \P(x)v) - Xr{x,v)e~ i{xly) ) ^(y)d/i x (y) 

= {-D P[X)V - (2s + r(x, «)) jf e-*W»V(y) <Wl/) 

= dw s (X)oJ A ^(i). □ 

Remark 2.2.2. We do not claim that for the minimal Wallach point A = Ai = ^ 
the representation 7r is a subrepresentation of co s , s = | (A — In general this 
is not the case. For instance, for a euclidean Jordan algebra one has to consider 
principal series representations of some covering of G (see [Sah93j). And for V = 
W ,q the representation it is for p — q = 2 (mod 4) not a subrepresentation of 
the spherical principal series representation u s , but of some non-spherical principal 
series (see [Sah95t Remark after Theorem 5.A]). With Proposition 12. 2.11 we merely 
want to motivate the definition of the differential action d7r A . 

Remark 2.2.3. Principal series representations as constructed above have been 
studied thoroughly by S. Sahi and G. Zhang. In [Sah93 j5 [Sah95j and [Zha95j they 



determine the irreducible and unitarizable constituents of the principal series rep- 
resentations associated to conformal groups of euclidean and non-euclidean Jordan 
algebras. The proofs are of an algebraic nature. Using these results, A. Dvorsky 
and S. Sahi as well as L. Barchini, M. Sepanski and R. Zierau constructed unitary 
representations of the corresponding groups on L 2 -spaces of orbits of the structure 
group. In [Sah92] the case of a euclidean Jordan algebra is treated and the non- 
euclidean case is studied in [DS99J, [DS03J and [BSZ06, Section 8]. However, they 
all exclude the case V = M. p ' q with p ^ q, p, q > 2. In this case the L 2 -model of 
the minimal representation was first constructed by T. Kobayashi and B. 0rsted in 
[K0O3c] . Their construction does not use principal series representations. The re- 
lation to the principal series representations in this case is given in |K0O3cl Lemma 
2.9]. 

In contrast to the methods of [Sah93] , |Sah95J and |Zha95J . our construction is only 



carried out for the orbit of minimal rank. On the other hand, the advantage of our 
construction is that it includes all cases for which the minimal representation exists. 
Hence, it gives a unified construction of the minimal representations. 
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2.3. The ^-Casimir 

We now compute the action of the Casimir operator of t on radial functions. It 
turns out that the Casimir acts as a certain ordinary differential operator of 
order four. (The parameters /i and v were defined in (II. lip and depend on the 
Jordan algebra V.) T)^ extends to a self-adjoint operator on L 2 (IR + , t fl+u+1 dt). 
By using the t-type decomposition of the minimal representation tt, we compute 
the spectrum of T)^ v and show that its L 2 -eigenspaces are one-dimensional. 

2.3.1. B-type decomposition 

In this section we give the £-type decomposition of the minimal representation tt. Up 
to this point we have not used any previous results about the minimal representation 
tt. For the proof of the t-type decomposition we use results on principal series 
representations from [Sah93 and [Sah95j as well as the results of [K0O3c| for the 
case V = M. p ' q . However, for the construction of the minimal representation in 
Section 12.11 we did not need these results. 

Theorem 2.3.1. The K-type decomposition ofW is given by 

oo 

w ^0r, 

where we put 

W j := E ai)+hl . (2.20) 

Proof. Comparing the Lie algebra action (see Proposition 12.2.1"]) . we find that the 
representation tt is isomorphic to the corresponding unitary irreducible representa- 
tion on L 2 (0, d/j,) constructed in |Sah92J for the euclidean case, in [DS99J, [DS03J 
and [BSZ06, Section 8] for the non-euclidean case ^ M. p ' q and in [ K0O3c] for the case 
V = W ,q . In |Sah92j the algebraic results of [Sah93j are used, and the constructions 
in [DS99J, [DS03J and [BSZ06, Section 8] use the results of |Sah95| . Hence, for these 
cases the t-type decomposition follows from [Sah93, Equation (7)] for the euclidean 
case and |Sah95l Theorem 4.B] for the non-euclidean case ^ M. p,q . In the remaining 
case V = W ,q the t-type decomposition is given in |K0O3cl Lemma 2.6 (2)]. This 
finishes the proof. □ 

2.3.2. The B-Casimir 

Let (Xj)j be any basis of t and {Xj)j its dual basis with respect to the Ad-invariant 
inner product (— , — ) (see Section fl.6.11 for the definition of (— , — )). We call 

3 



83 



Chapter 2. Minimal representations of conformal groups 



the Casimir element of t. This definition is clearly independent of the chosen basis. 
Ci is an element of the center Z(t) of the universal enveloping algebra U(i) of t and 
hence it acts as a scalar on each irreducible ^-representation. In fact, one can show 
that C{ acts on the irreducible t-module with highest weight a by (see e.g. |Kna02, 
Proposition 5.28]) 

(a, a + 2p), 

where p is the half sum of all positive roots (counted with multiplicities see ( I1.65P ). 
Thus we have the following action of Cf on the K-types in W: 

Proposition 2.3.2. The Casimir operator dn(Ct) acts on every K-type W j ofW 
by the scalar 



A d 
do — - 



Proof. By (I2.20P the .fT-type has highest weight a = «o + J7i- Hence, we just 
have to calculate the inner product (cto+jjx, «o + J7i + 2p). With (jl.66p . (12. 9p and 
( I1.67P we obtain 



(«o + hi, «o + J7i + 2p) = j 2 (7i, 7i) + 2j(7i, «o + p) + («o, «o + 2p) 



_£( w + M + 1) + !g! 



A d 



□ 



We now compute the Casimir action on the subspace L 2 ((9) ra( j of radial functions. 

Theorem 2.3.3. Let i()(x) = f{\x\) (x G O) be a radial function for some f G 
Then 



dn(C^(x) = (v,. v + ^ 



A d 
dn - - 



where £>„ „ is the fourth order differential operator in one variable given by 



T>w = T2 ((9 + p + v)(9 + n)- t 2 ) (9(9 + v) - t 2 ) 



and 9 = t-Jj denotes the one- dimensional Euler operator. 
Proof. The operator T>^ u can alternatively be written as 



V 



d 3 



= * + + v + 3 )*^ + W + ^ + v 2 + 6(v + v)+7- 2t 2 ) — 

+ (p,u(p + v) + p 2 + 3/iz/ + ^ 2 + 2(p + j/) + 1 - 2(p + z/ + 3)t 2 ) 

+ (t 2 -(/x + 2)(/i + z/ + 2)). 
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Let {ej)j C V be an orthonormal basis of V with respect to the inner product 
(-|-). Then by (fL5Tj) and (03]) 



Since annihilates radial (= Kl- invariant) functions, the action of the Casimir 
element C{ on radial functions is already given by 



dn(C e ) = — V d7r(e j ,0,-Q;e i ) 2 . 
on — 



(2.21) 



(a) Let us first assume that V is non-euclidean of rank r > 3. Then d = 2do and 
hence // = ^- 2andi/ = |- e-l. By fl2TT2|) and Corollary (TTTTj) (2): 



d7r(u, 0, — au)i/)(x) = -(B u f)(\x\)(x\u) 



with B a as in (II. 73ft . Hence, using again f !2 . 1 2j) : 



— d7r(ej, 0, — aej) 2 ip{x) 



lU~69l 



(^/)(|x|)(x|e,) 2 + 2r P 



dx 



d{x\ej 

~dx~ ]x,6j 



+ {B v f){\x\)r{B x {x\^)^j)\ 



2r 1 



(S 2 /)(|o;|)||x|| 2 + (BJ)'(\x\) r (P (H ae,) s, e, 

3=1 



itTTol r 

r 



Of) ft n 

\x\\Blf){\x\) + -\x\(BJ)'(\x\) + 

r 2 



+ r ^(BJ)(\x\)J2(e j \e j 



Now a short calculation shows that this is equal to — T> 

1 r > 



(b) Now suppose V is a euclidean Jordan algebra. Then fM — ^ — 1 and u — — 1 
By (12TT21 and Corollary < KJ1} (1) 



dvrKO, -cm)V(z) = -(BJ)(\x\)(x\u) + -%\u) f {\x\) . 

i 1 1 
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Using the calculations of (a) we find that 

n 

— cbr(ej, 0, — aej) 2 tfj(x) 

3=1 



\x\ 2 {Blf){\x\) + -\x\(B u f)'(\x\) + ^W)(|*|) 



|(x| ei )(e|e,) [(S./ydzl) + B„/'(M)] + ^ ) (e|e,) 2 f (M) 



0<n 77 rj 

\A 2 {Blf){\x\) + -|*I(£,/)'(M) + -(B u f)(\x\) 
r 2 

+ ^(*|e) i(BJ)'(\x\) + B./'CN)] + r ^ ) /" (|*|). 

Note that for x = fctci, A; G i^L = Aut(V)o, t > 0, we have 

(x|e) = tr(Hcx) = t = \ktci\ = \x\. 
Using this, a short calculation gives 



MC^{x) = - r Mv^ u + rJ^) \f(\x\). 



(c) By Proposition 11.2.11 the remaining case is V = W ,q which is treated in Ap- 
pendix El □ 

Recall that 5 denotes the set of possible pairs (/i, v) = (ji(V), v(V)) of parameters 
that appear for some simple Jordan algebra V for which the minimal representation 
7r exists. Then we can draw the following corollary: 

Corollary 2.3.4. For (/i, v) G H the operator T> ^ extends to a self-adjoint operator 
on L 2 (IR + , t^ +v+1 dt) with only discrete spectrum. The spectrum is given by + 
/i + 1) : j G No} and the L? -eigenspaces are one- dimensional. 



Proof. Recall that by Theorem 12.3.31 the operator d7r(C{) acts on the subspace 
L 2 (0, d/i) rad = L 2 (R+,t' 1+ ' /+1 dt) of radial functions by 



8n V ^ 2 



W d 
a n - - 



Further, d7r(C{) acts on each t-type by the scalar 



dn — - 
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Now, the Casimir element Cf is elliptic in U(t) and hence, by |War72[ Theorem 
4.4.4.3], d7r(C{) extends to a self-adjoint operator on L 2 (0, d/i). Restricting to 
radial functions then shows that T>^ u is self-adjoint on L 2 (IR + , t^ +u+1 dt). Further, 
the space W of {-finite vectors is dense in L 2 (0, d/z) and decomposes discretely into 
{-types W = ®°1 WK In every {-type the space 

^ d = rnL 2 (0, d/i) rad 

of radial (= .^-invariant) functions is one-dimensional by the remark at the end 
of Section IOT31 Together it follows that 0~ o W° xaA is dense in L 2 (R + , t» +v+1 dt) 
and T>^ v acts on each summand W^ d by the scalar 4j(j + /i + 1). This finishes the 
proof. □ 



2.4. The unitary inversion operator To 

In this section we define the unitary inversion operator To and prove various prop- 
erties of it. The action of To together with the action of the parabolic subgroup P 
determine the whole representation. Therefore, one is interested in a closed formula 
for the operator To- As a first step in this direction we give a closed formula for 
the action of To on radial functions. 

Let wq be the projection of uJq G G (see Section ll.6.2p under the covering map 
G — > G. Then w = aj = ja, where a is as in Section 12.1.31 and 

3 = exp 6 (|(e,0,-e)) . 

The parabolic P and the element i£>o generate the whole group G (since & 6 P). 
Therefore, the representation ir of G is determined by the action of P, which is 
given by the representation px 1 (see f)2.ip and (|2.2|) ). and the action of w . We call 
the operator 

T := e- l ^ {d °-^ + 7c(w ) 

the unitary inversion operator on the minimal orbit O = 0\. We will later see that 
To is an operator of order two (see Corollary 13. 8. 4p which justifies the name. Since 
the action of tt(&) is given by p\ 1 (a) and any two Cartan involutions are conjugate, 
the operator To does (up to unitary equivalence) neither depend on the choice of 
the Cartan involution a, nor on the choice of a G G. We collect a few properties of 
To- 

Theorem 2.4.1. (1) To is a unitary operator on L 2 (0) of order at most 2k with 
k as in Theorem \KJHE (!)■ 
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(2) The operator To is an automorphism of the following topological vectorspaces: 

L 2 (0)°° C L 2 (0) C L 2 (oy°°, 

where L 2 (0)°° denotes the space of smooth vectors of the representation tt and 
L 2 (0)-°° its dual. 

(3) To intertwines the Bessel operator B and multiplication by —ax: 

T o ax = -Bo To, (2.22) 
To oB = -axo To- (2.23) 

Moreover, any other unitary operator on L 2 (0) with these properties is a 
scalar multiple of To ■ 

(4) We have the following commutation relation for the Euler operator E : = 

l^j=l X J dxj ■ 

T oE=-(e+ 1 ^\oTo. (2.24) 

(5) On every t-type the unitary inversion operator To acts as a scalar. 

(6) To leaves the space L 2 (0) ra d of radial functions invariant and therefore re- 
stricts to a unitary operator 

J 7 C9,rad : -^ 2 (C)rad — > -^ 2 (C)rad- 

(7) To = e-^to-ft+px^e'W*-® = e --?(do-|) +e if (e|x-B) 

Proof. (1) Clearly To is unitary since tt is a unitary representation. To show the 
second statement, observe that 

T = e- i ^-^p Xl (a)7rQ). 

First, by the definition of k (see Lemma 12.1. 10p . e - " 1 ^^ 0- ^ is of order at 
most 2k. Further, the operator px 1 (a) is of order 2 since a 2 = 1. Finally, by 
the construction of G (see Lemma [2.1.1(jp . the element j is of order at most 
2k in G. Since all three factors commute, this shows the claim. 

(2) The whole group G acts by automorphisms on the space L 2 (0)°° of smooth 
vectors and hence also on its dual. 

(3) The adjoint action of Wo on g is given by (see (jl.50p ) 

Ad 3 (w )(u, T, v) = Ad s (w )(u, T, v) = 9(u, T, v) = (—av, —T*, —au). 
and for any X G the identity 

tt(wo) o d7r(X) = d7r(Ad(u)o)^0 ott(wq) 
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holds. Now, for X = (u, 0, 0) we have Ad(w )X = (0, 0, —au) and for Y = 
(0, 0, u) we have Ad(wo)Y = (—au, 0, 0). Therefore the commutation relations 
follow with (12. 3p and (12. 5p . Conversely, let A be another unitary operator on 
L 2 (0) with these properties. Then the operator To ° Ar 1 commutes with the 
n- and n-action. Since n and n generate the whole Lie algebra q (see Section 
ll.6.ip . it follows that A leaves the g-module W invariant and the operator 
To ° A^ 1 commutes with the action of q. Since W is irreducible as g-module, 
it follows from Schur's Lemma that To°A~ l is a scalar multiple of the identity. 
Hence, A is a scalar multiple of To- 

(4) Similar to (3) with X = (0,id,0). 

(5) By Lemma 11.6.31 the element vJq is central in K . Hence, w$ is central in K . 
By Schur's Lemma, To acts on every 6-type W-* as a scalar. 

(6) In particular, wq commutes with every k e Kl = pr _1 (i^i). Hence, To leaves 
the space L 2 (0) Kl = L 2 (0) ra d of i^r-invariant functions invariant. 

(7) We have 

7r(tt5 ) = 7r(a)7r(e^ (e '°-- e) ) = p Xl (a)e* d -( e -°<- e ) 
and the claim follows from ( 12 .3p and (12. 5p . □ 

Example 2.4.2. (1) Let V = Sym(n,R). In the notation of Section [2". 1.41 we 
have by Corollary 12. 1.171 

Jb = e-*9zrV ( _! \ l)u. 

From |Fol89t Equation (4.26)] we know that ji ( ^ 1 ^ j is essentially the 
inverse euclidean Fourier transform. More precisely, 

A* ( _°i o ) ^ = ^2^T^(2y), 

where 



T Rn iP(x) = (2tt)-7 / e-^iP(y)dy, 
T^(y) = (2tt)-S [ e^(x)dx. 



Note that if one views the Fourier transform Tu n as operator on L 2 ven ( 
then it is of order two since 

Tlnifj(x) = ip(-x) = tp(x) 



2 iv>n} 
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for ip G Lg ven (IR n ). Therefore, it follows that To is also of order 2. Further, 
by |Fol89l Theorem 4.45]: 

UL\OT = L 2 even (W n r = S even (R n ) 

is the Schwartz space of even functions on which the Fourier transform acts 
as isomorphism. This corresponds to Theorem 12.4.11 (2). Moreover, the com- 
mutation relations (I2.22p and ( I2.23P follow from to the well-known identities 

J*Rn O Xj = -Dj O T Rn , 



J* M n O Dj = Xj O T M 



where D~ = i-^-. 



dxj 

(2) Let V = MP' q . Then To is the unitary inversion operator on L 2 (0) which was 
studied in detail by T. Kobayashi and G. Mano in |KM07al IKM07bj . Most 



results of Theorem 12 . 4. 1 1 can be found in [KM07b, Theorem 2.5.2]. 

By Theorem 12.4. II (6) the operator To restricts to an operator on L 2 (0) r3i d- Since 
the map O — > E + , x i— >■ \x\, induces an isomorphism L 2 (C) rad = L 2 (IR + , t p+v+l dt), 
we obtain a unitary operator T on L 2 (R + ,t fl+u+1 dt) which makes the following 
diagram commutative: 

L 2 {R + , t» +u+1 dt) — ^ L 2 (R + , t p+v+l dt) 



L 2 (0) iad ^ : L 2 (0) rad 

The main result of this section is an explicit expression of the integral kernel of 
T in terms of Meijer's G-function. The idea of proof is due to T. Kobayashi and G. 
Mano who proved the result for the case V = M. p,q (see |KM07bt Theorem 4.1.1]). 

Theorem 2.4.3. The operator T is the G-transform 7~ M,!y which is defined by 

/■oo 

T^ u u(s)= K^ v {tt')u{t')t'» +u+1 dt' \/ueC c c 
Jo 



with integral kernel 



K^ v (t) :- 2M+1/+1 ^r 4 




U ^ + 

' 2' 2' 2 



Here G\^{z\b\, 63, 64) denotes Meijer's G-function as defined in Appendix ID. 41 

Remark 2.4.4. For the case V = M. p ' q T. Kobayashi and G. Mano computed the 
action of To on every (f^^) -isotypic component of L 2 (0), not only on radial func- 
tions (see |KM07b[ Theorem 4.1.1]). As integral kernels they obtained G-functions 
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with more general parameters. They further use this result to compute the full 
integral kernel K{x,y) G T>'[0 x O) of the operator To ( see [KM07b, Theorem 
5.1.1]). Maybe a similar strategy can be applied in the general case. A further 
step in this direction would be to compute the action of To of other (i^^) -isotypic 
components of L 2 (0). 

Example 2.4.5. For v — ±1 the integral kernel simplifies by (1D.34P to a J-Bessel 
function 

K^ ± \t)=r B± ^ 1 J^) 

such that T^ ,±l becomes a Hankel type transform. Then, in view of Example 
12.4.21 (1), Theorem 12.4.31 for V = Sym(n, R) corresponds to the fact, that the 
euclidean Fourier transform preserves the space of radial functions and acts on 
ip(x) = f(\x\) by (see |SW71L §3, Theorem 3.3]) 

TRnijj(x) = H n f(\x\), 

where 

POO 

H n f(t) = / J^(tt')f(t')t^ dt' 

Jo 2 

is the Hankel transform. The same happens for the euclidean Jordan algebra V = 
R l,n . This case was studied thoroughly in [KM07a . 

The rest of this section is devoted to the proof of Theorem 12.4.31 For this we 
transfer the situation from R + to R in order to use classical Fourier analysis. We 
introduce two unitary isomorphisms 

a + : L 2 (M + ,t^ +1 dt) L 2 (R), a + f{y) := e^V^), 

a_ : L 2 (R + X +u+1 dt) L 2 (R), a_f(y) := e-'^fifT*). 

Define the subspace S C L 2 (R + , t" +u+1 dt) by 

S := a-\S{R)) = aZ 1 {S{R)), 

where «S(R) denotes the space of Schwartz functions on R. We endow S with the 
locally convex topology such that a + and cr_ become isomorphisms of topological 
vectorspaces. By S' we denote the dual space of S. Via duality cr + and er_ then 
extend to isomorphisms of S' . For any one can define an operator A K : S — > 

S' by 

POO 

AJ(t):= / K(tt')f(t')t'^ +1 dt', 
Jo 



91 



Chapter 2. Minimal representations of conformal groups 



meant in the distribution sense. It is easily seen that 

A K f = aI 1 (a_K*a+f) V/ G S. 



(2.25) 



This shows that A K indeed defines a continuous linear operator S — > S'. Now, to 
prove Theorem 12.4.31 we have to show that T = A^ with K = K^' u . Our strategy 
of proof is due to T. Kobayashi and G. Mano (cf. |KM07bt Section 4]) and can be 
described as follows: 

(1) We first show that T = A K for some k G S'. 

(2) Then we prove that A K f = A^fo f° r a specific function f . 

(3) Finally, (2) will imply that k = K. 

These claims are proved in the following three subsections. 

2.4.1. Translation invariant operators on R 



We recall the following well-known fact which can e.g. be found in [ SW711 Theorem 
1.3.18]: 

Fact 2.4.6. Every bounded translation invariant operator B on L 2 (IR) is a convolu- 
tion operator, i.e. Bf = u* f (f G L 2 (IR)) for some tempered distribution u G «S'(R) 
whose Fourier transform u is in L°°(R). 



Here translation invariant means that 
B o £(x) = £(x) o B 



Vx G 



where £(x) : L 2 (IR) — > L 2 (IR), (£(x)f)(y) := f(y — x) denotes the translation opera- 
tor. 

To transfer our situation from R + to IR we define an operator T on L 2 (M) by the 
following diagram: 



Lr 



l + ,t» +u+1 dt)^L 2 ( 



L 2 



T 



Lemma 2.4.7. T is translation invariant. 

Proof. We put H := L(e) G 1 and consider exp(sH) = e s l G L for s G 
Ad(wo) exp(sH) = exp(-sH) we have 

Fo ° PAi(exp(-siy)) = px 1 (exp(sH)) oJ D . 

Restricting this identity to radial functions yields 

To g(s) = g(-s) oT, 



I. Since 
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where g(s) denotes the unitary operator on L 2 (R + ,t tl+u+1 dt) given by 

6 (s)f(t) = e-^ s f(e-H). 
Multiplying with a_ from the left and a+ l from the right gives 

T o (cr + o q{s) o cr^ 1 ) = (cr_ o q(—s) o o~Z l ) ° T. 
Now the claim follows from the identities 

a + o £i(s) o aT = <j_ o g(— s) o cr~ = £(s). □ 

By Fact I2.4.6[ T is a convolution operator, i.e. for some tempered distribution 
u G S'(R) we have ff = u*fioi every / G L 2 (M). Put k := aZ 1 u G 5'. We then 
obtain 

= <j-K * a + f 
= (a_ o A K )f 

by 02. 25 p . Since <r_ is an isomorphism this implies T = A K . 

2.4.2. Action on 

Let fo be the function on IR + defined by 

fo{t) :=K^t). 

f is exactly the radial part of the t-fmite vector ip introduced in Section l2.1.2l For 
the equation A K f Q = Axfo to make sense we first have to show that / G S and 
K = K^ v G S'. 

Lemma 2.4.8. f G S. 

Proof. We show that a+fo G <S(R). For this define functions (k G No) on M + by 

f k {t) :=t 2k K» +k (t). 

Then f is as above. We have 

The asymptotic behavior of the i^-Bessel function near and oo is given by (ID. 201) 
and (ID.2ip . From this together with Lemma n.3.1l it easily follows that the functions 
cr+fk are rapidly decreasing, i.e. y e a + fk(y) is bounded on R for all k,£ G No- 
Finally, from the differential recurrence relation (ID. lip for the i^-Bessel function 
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one deduces the following recurrence identity for the derivatives of the functions 

-jjjfafk) = ( M + ^ + 2 + 2k\ (a + f k ) - \(a + f k+1 ). 

Hence, higher derivatives of cr+fo are linear combinations of the functions a+fk 
which are rapidly decreasing by the above considerations. Therefore, a+fo £ «S(R). 

□ 

To show that K^ v e S' we first prove a precise statement for the asymptotic 
behavior of K^> v {t). 

Lemma 2.4.9. The function K^' u (t) has the following asymptotic behavior: 
fl) Ast^O: 



= >< { "2 Ht) + o(Ht)) for v = 0, 



'2T(|)r + o(r) forv>0, 
-21n(t) + o(ln(t)) for v = 0, 
2- u T (-f) +o(l) foru<0. 



2^+ 1 r(^fhH)r(^) 

(2) ,4s t oo: 

j • * i . 1 2 M +2i/+3 / 1 2u — 3 \ / 

= -— t — cos f 2*3 - Jt_ — vrj ^1 + C(r 

Proof. This follows directly from (1D.36|) and (ID. 371) . □ 



The proof of the following lemma does not follow [KMOTb] . The corresponding 
proof of [KM07b, Claim 4.6.4] seems more complicated than necessary. 

Lemma 2.4.10. K* v G S' . 

Proof. Using Lemma 12.4.91 (1) (and Lemma II .3. 1[) it is easily verified that there 
is some constant C > such that \a+K fl,p (y)\ < Ce^ y as y — > — oo. Hence, 
X(-oo,o]° r +-^' At '^ £ L 1 (IR) C <S'(R), where denotes the characteristic function of 
ACl. It remains to show that also X[o,oo)Cr+^^ <= S'(R). By Lemma EM] (2), 
the asymptotic behavior of (a+K tl,u )(y) as y — > oo is given by 

Therefore X [o,oo)0-+K^ u - eg e L\R) C <S'(R), where c = and 
fi'O) := X[o,oo)(y)e^cos ( 2e^ — tt 
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Hence, it remains to show that g G <S'(1R). (Since clearly g ^ L 1 (IR), this is the 
crucial part.) For (p G C%°(M.) we integrate by parts: 



f°° i d 

g(y)p(y)dy= e~^ y (p(y)- — 

Jo ay 
_ cos [ 2 - ^-V) <p(0) - J e-&<p(v) 



i 2/i-3 
cos I 2e 23/ — 7r 



dy 



i 2ii — 3 , 
cos | 2e 2 - y — 7r ] dy. 



The right hand side clearly makes sense also for if G S(M.) and defines a tempered 
distribution. Since C£°(R) is dense in <S(M), g extends to a continuous linear func- 
tional on 5(IR) and is therefore a tempered distribution which finishes the proof. □ 

Now we can calculate the actions of A K and Ax on f . 

Proposition 2.4.11. (a) A K f = f . 
(b) A K f = f . 



Proof, (a) By Theorem EO (7) we have To = e~ i7T T ^si+e^^-^px^a). Ap- 
plying pAi(a) to ip gives px^a^ipo = ipo since a G /Cl and ipo is .Kz,- invariant. 
Therefore, T a ipo = e^^ "! ^e^l*" 6 )^. 
(1) If V is euclidean then by (I2.13P we have (e\x — B)ipo = ^ipo and hence 



if (e\x-B) 



e'2 



(2) If V is non-euclidean of rank r > 3, then by (I2.14|) the function ip is 
annihilated by (e\x — B) and therefore 

e il( e \x-B)^ o = ^ 



(3) The remaining case V = M. p,q is treated in Appendix IB. It By Lemma 
IB. 1.31 we have 



Together we obtain 



and hence 



T O ijj = IpQ. 

Since ipo(x) = /o(M) this gives the result for T/q = A K f . 
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(b) The assumptions for (1D.35I) are satisfied if we put a = — 2/i ^ , a — |, u — 1, 



77 

obtain 



f) 2 and (61,62,63,64) = (0,-|,-f,-^) (use LemmaETj. Then we 



^Wo(i) 
1 







Z/ /i \l + V 

'2'~2' 2~ 




0, — , --, Kr(2x*)x * dx 

'22 2 ' 2V ; 



2 ' 2 
n u /£ 

U > 2 ' 2 ' 2 



2 02 \ \ 2 



where we have used the reduction formula (ID. 301) for the last step. Eventually, 
the claim follows from the simplification formula (ID. 34 p . □ 



2.4.3. A uniqueness property 

Now we finally prove that k = K. The main point is the following lemma: 

Lemma 2.4.12. Let Ki,k 2 G S' If there exists a function f G S such that o~ + f 
vanishes nowhere on K and A Kl f = A K2 f, then K\ = K2. 



Proof. With fl2T25]) we obtain 

cr_Kx * a + f = (T-K2 * cr+f. 
Taking the Fourier transform on both sides yields 

oCk{ ■ a+f = oZk 2 ■ a+f. 

Since a+f vanishes nowhere, this implies oZkI = oCk^ and hence k\ = k 2 - 



□ 



Now, we already know that A K and Ak agree on /q. To apply the previous 
lemma and finish the proof of Theorem 12. 4. 3[ it remains to show that a+fo vanishes 
nowhere on K. This follows from the next lemma. 

Lemma 2.4.13. For the Fourier transform of a+f we have the following formula: 



In particular, a+fo vanishes nowhere on 
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2.4. The unitary inversion operator To 



Proof. With the formula (ID. 16H for the Mellin transform of the i^-Bessel function 
we calculate 



o+/o(0 



— oo 
oo 



-oo 
oo 



"V.. /;,)(.<•! dx 



*K»(s) ds 



2 2 



«r(-^l-i,)r( 



4 2 s ' 



Since fj, + u > —1 and /i — z/ > by Lemma 11.3.11 this defines a function on the 
whole real axis K which vanishes nowhere. □ 
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3. Generalized Laguerre functions 



We consider the ordinary fourth order differential operator 

= ^({e + n + v){e + n)- x 1 ) (e(9 + v )- x 2 ) , 

depending on two complex parameters /i, v G C Here 6 = x-r-. In Theorem 12. 3. 3 1 it 
was proved that for (/i, v) G S, the operator T>^ v is the radial part of the action of 
the £-Casimir on the minimal representation of a simple Lie group G (see Section [L~3l 
for the definition of S). In this case, the operator extends to a self-adjoint operator 
on L 2 (IR + , x^ +u+l dx) with discrete spectrum given by {4j(j + /i + 1) : j G No} (see 
Corollary [2331). 

In this chapter we explicitly construct the L 2 -eigenfunctions of T>^ u . Furthermore, 
for an odd integer /x > and generic v G C, we find a fundamental system A^(x), 
i — 1, 2, 3, 4, of solutions to the fourth order equation 

X> Mii ,w = 4j ( j + /i + l)u 

for every j G No- We prove various properties for the functions Af'^(x) such as 
asymptotics, integral formulas and recurrence relations. Finally, we relate the L 2 - 
eigenfunctions A^'^x) to the minimal representation of G as constructed in Section 
12.11 This gives explicit expressions of ^-finite vectors in the representation. On 
the other hand, results from representation theory also provide simple proofs for 
statements on the L 2 -eigenfunctions A^'^x), such as orthogonality relations, com- 
pleteness in L 2 (lR + ,x^ +1 dx) or integral formulas. 

Most results of this chapter are published in |HKMM09b] and |HKMM09aj . There 
only the minimal representation of 0(p + l,q + 1) is used and hence the class of 
parameters is more restrictive than in this chapter. 



3.1. The fourth order differential operator V^ v 

In this section we collect basic properties of the fourth order differential operator 

Proposition 3.1.1. (1) V v # = V^ u + (jj, - u)(fj, + v + 2). 
(2) T>^ v u = Xu is a differential equation with regular singularity at x = 0. The 
characteristic exponents are 0, — fi, —v, —fi — v. 
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Chapter 3. Generalized Laguerre functions 

(3) If /i,p G R, then T>^ u is a symmetric unbounded operator on the Hilbert space 
L 2 (R + ,x>* +u+1 dx). ' 

(4) If (fx, v) G H, then T>^ )V extends to a self-adjoint operator on L 2 (IR + , x^ +u+1 dx) 
with discrete spectrum given by {4j(j + // + 1) : j G No}. Furthermore, every 
L? -eigenspace is one- dimensional. 

(5) In the special cases where v = ±1 the differential operator T>^ u collapses to 

where 

<Vl ■=\{9(9 + Li)-x 2 ), 

S^+i := - {9(9 + ii + 2) + n + 1 - x 2 ) . 
Proof. (1) A simple computation shows that 

= -^"C + f)C + ")(" + f + ") + 3:2 

-2(^ + ( A + , + 2) g+ ^ + 2 ^ + - + 2 » ), (3.1) 

whence V Vtfi = V^ v + (fi — v)(n + v + 2). 

(2) It follows from OUT]) that 

x 2 (2V - A) = 0(0 + fi){9 + u)(6 + fi + u) (mod x • C[x, 9}), 

where C[x, 9] denotes the left C[x]-module generated by 1, 9, 9 2 , . . . in the Weyl 
algebra C[x, Therefore, the differential equation V^^u = Xu has a regular 
singularity at x — 0, and its characteristic equation is given by 

s(s + fi)(s + u)(s + + v) = 0. 

Hence the second statement is proved. 

(3) The formal adjoint of 9 on L 2 (IR + , x fl+u+1 dx) is given by 

6* = -9- (ji + v + 2). 

With this it is easily seen from the expression (13. ip that is a symmetric 
operator on the same Hilbert space. 

(4) This statement is simply Corollary 12.3.41 

(5) A simple computation. □ 

Remark 3.1.2. It is likely that V^ v is still self-adjoint on L 2 (R + , x^ +u+1 dx) with- 
out assuming that (fi, v) G H. For example, for v = ±1 and arbitrary // > — 1 
we construct L 2 -eigenfunctions A^',- 1 of ^,±1 which are essentially Laguerre poly- 
nomials (see Corollary 13.4.31 and Remark I3.4.4p . Hence, they form a basis of the 
corresponding L 2 -space and it follows that I^ M .±i is self-adjoint with discrete spec- 
trum. However, our proof of self-adjointness uses unitary representation theory and 
involves the condition (fi, v) G H in a crucial way. 
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3.2. The generating functions G^' u {t,x) 



3.2. The generating functions G^ v (t,x) 

To determine eigenfunctions of the operator T>^ v we define the following generating 
functions Gf' v (t, x), % = 1,2,3,4: 

<*"(*, .) - j^^H (i^) h (t^) • (3.2) 

<*"<«. *) == (i^) fe) ■ < 3 - 3 > 

O.)-^^)^^), (3.4) 



Gf(t, *) := (^ J *f {— ) ■ < 3 ' 5 > 

Here I a {z) and K a (z) denote the normalized I- and if-Bessel functions (see Ap- 
pendix [DJ] for the definition). 

Let us state the differential equations for the generating functions which we will 
make use of later. 

Lemma 3.2.1 (Differential equations for the generating functions). The functions 
Gf' u (t,x), i = 1,2,3,4, satisfy the following three differential equations: 

(1) The fourth order partial differential equation 

(V^) x u(t, x) = 46 t (9 t + fi + l)u(t, x). 

(2) The second order partial differential equation 

(20, +p + l)(o x + f + v + 2 \ u(ti x) 



(3) The fifth order ordinary differential equation in t 

&(». + ^) + («. + ^)«(*.x) 

|«, (0, - 1) (8, + /l - 1) (9, + a) (», + ^ 



2 (e t + (aOf + b9l + c0 t 2 + d0 t + e) 



101 



Chapter 3. Generalized Laguerre functions 



2 J V 2 



2 y v 2 

+a >u + «i±i > i ^< + ^±^ u+»- v+2 



2 / V 2 / V 2 



where we set 



a = 6, 

6 = 12(/i + l), 

c=-(17At 2 -z/ 2 + 36/x + 8), 

d = -(/x + l)(5/i 2 - v 2 + 12/i - 4), 

e = - + 2)(/i + + 2)(/i - i/ + 2). 

Proof. The proof consists of straightforward verifications using the definition of 
Gf' u (t,x) and the differential equation (ID.lOp for the I- and fC-Bessel functions 
I a (z), K a (z). □ 

We also need three recurrence relations for the functions G^ ,u (t, x). To state the 
formulas in a uniform way we put 

m = l + ] T l = Y; e(i) = \ + ] l OIt = 1 > 3 : (3.6) 

w \ -1 for z = 3, 4, w \ -1 for z = 2, 4. v ' 

Lemma 3.2.2 (Recurrence relations for the generating functions). The functions 
Gi' u (t,x), i = 1,2,3,4, satisfy the following three recurrence relations: 

(1) The recurrence relation in \i 

Ml - t)Gr (t, x) = 25{i) (cr 2 ' u (t, x) - (|) 2 G? +2 >»(t, x 

(2) The recurrence relation in v 

u(l-t)Gr(t t x) = 2e(i) (GT%x) - g) 2 GT +2 (t,x) 

(3) The recurrence relation in fi and v 



(1 - t)±GT(t,x) = m^G^ + e^ X -G^ +2 . 
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3.3. The eigenfunctions Afj(x) 



Proof. (1) and (2): Use the recurrence relations (ID. 12h and (1D.13P for the /- and 
K-Bessel functions . 

(3) In view of (ID.llj) the equation is evident. □ 
Lemma 3.2.3 (Local monodromy of the generating functions). We have the fol- 



or 



(t, e in x) 



( 1 



e m x) (i 


= 1,2 








a u 





a M 





• v b^ a^b v 





(t,x) 



where 



b n :-- 



T(l- 



(< 



!)■ 



Proof. This follows immediately from the parity formulas (ID. 51) and (ID.6[) for the 
Bessel functions. □ 

Remark 3.2.4 (Algebraic symmetries for the generating functions). It is also easy 
to see that the generating functions satisfy the following algebraic symmetries 



1,4), 



Gr(t,x) = G^[- t ,-x 



3.3. The eigenfunctions Af'^(x 



The function Ki±(j^) is meromorphic near t = for a fixed x > if and only if 
\i is an odd integer. Therefore, we will henceforth assume the following integrality 
condition: 

fi is an odd integer > 1 for i — 3, 4. (IC) 

Then the generating functions Gf' u are meromorphic near t = and give rise to 
sequences (A^) Jg 2 of functions on IR + as coefficients of the Laurent expansions 



i = 1,2,3,4. 



(3.7) 



J=-oo 



Since I^{z) is an entire function and Ksl^z) has a pole of order aatz = Oifa>l 
is an odd integer, we immediately obtain 



A£J = A£J = 



for j < 0, 
for j < — \i. 
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Chapter 3. Generalized Laguerre functions 



This allows us to calculate the functions Af'/ as follows: 



i-,3 



W = 



1 d j 



if i = 1,2, j > 0, 



t=o 



t»G!t< u (t,x) if i = 3,4, j > -a*. 



(3.8) 



*=o 



Example 3.3.1. The functions A^'J (x) (in the i = 2 case) will turn out to be L 2 - 
eigenfunctions of V^ v and are therefore of special interest. Here are the first three 
functions of this series: 
1 



^ + ^ + 2 ^(x) + g^(x; 



1 /(/x + z/ + 2)(/i + z/ + 4) 



2 r(^; 



+ (/i + 3)(/i + z/ + 2) 



fi + 2 2V y /i + 2 " 2 

To formulate the asymptotic behavior of the functions A^j(x) we use the Landau 
symbols O and o. 

Theorem 3.3.2. Let |i G C, /i ^ — 1, —2, —3, . . . and v e R. Assume further that 
j > if i = 1,2 and j > —/i if i = 3, 4. 
(1) TTie asymptotic behavior of the functions Afj(x) as x — >■ is (/wen fry 



' /x+i/+2 \ 
2 /J 



jir(^)r(^; 



+ o(l) 



A$r(x) = 



( /f ~i i/ i +2 ) 

i!T(¥) 



/ 2* i f 

2. 



x < 



) x~ v + o^-") i/i/>0, 
-log(f) + o(log(f)) = 



-r -- 

2 V 2 



0(1) 



if " < 0, 



A£T(x) 



2^ 1 r(f)(^±2) 



^x-" + o(x-' 1 ), 



(./- /')! 



x < 



i/i/>0, 

-2^ 1 x-Hog(^)+o(^log (I)) 

t/i/ = 0, 

ifv<0, 
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3.3. The eigenfunctions Afj(x) 



where (a) n = a(a + 1) • • - (a + n — 1) is the Pochhammer symbol. 
(2) As x — > oo we have 



wii/j constants , C^'a ^ . 

Proof. The basic ingredient for the proof is the asymptotic behavior of the Bessel 
functions which is for x — » given in (jD. 19[) and (1D.20|) and for x — > oo in (1D.21|) . 
We also make use of the well-known expansion 



00 ( \ 

(i-r a = £^p- (3.9) 

(1) We show how to calculate the asymptotic behavior at x = for the functions 
A^jix) with v > 0. The same method applies to the other cases. 
Using the asymptotics (1D.19P and (ID.20j) and the binomial expansion ( 13. 9 j) 
we find that 

(l-t) 2 1 — J ^ 

•m/'M+2\ 



■, r /£t+2 
j=0 J V 2 



In view of (13. 7p this yields 



v A W ( „\ I _ V2/V 2 



2- 1 r(f)(^p; 



2,i v ^1^=0 j'!r( M+2 ) 

(2) Let us first treat the case i — 1, 2. With equation (13. 8p it is easy to see that 
Aff is a linear combination of terms of the form 

'o%) (x) for i = 1, 



fc AT*J (z) for z = 2 

with < k < j such that the coefficient for k = j are non-zero. (In fact this 
can be seen in a more direct way from the recurrence relation in Proposition 
13.6.11 and Example 13.3.11 ) Using (ID. 1 1 1) this simplifies to terms of the form 



x lk I^ +k (x) for i = 1, 
x 2k Ka +k (x) for % = 2 
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with < k < j and non-zero coefficient for k = j. Using (ID.21|) the leading 
term appears for k = j and the asymptotics follow. 

For i = 3,4 equation (13. 8 j) implies that A^ is a linear combination of terms 
of the form 

' x k -^ ( B l lA (x) for i = 3, 



x k-n ^ for i = 4 

with + j + jt/. Using (ID. lip this simplifies to terms of the form 

x k+2e -^L +e (x) for % = 3, 
x k+2e -^Ku +£ ( x ) fori = 4 

with O^fc + ^^j + yU. Then again the claim follows from (lD.2ip . □ 

As an immediate consequence of Theorem 13.3.21 we obtain: 

Corollary 3.3.3. If fi + v, fi - v > -2, then G L 2 (R + , x^ +u+1 dx). 

From the explicit formulas for the leading terms of the functions A^J(x) at x = 
we can draw two more important corollaries. 

Corollary 3.3.4. The function A^ is non-zero if one of the following conditions 
is satisfied: 

• i = l and [i,v, fi + u > —2. 

• i = 2 and fi + u, fi — v > —2. 

• % = 3, 4, [i is a positive odd integer and v > — 1 such that /i — v £ 2Z. 

Proof. In each case the assumption implies that the leading coefficient at x = in 
Theorem 13.3.21 is non-zero, so that the function itself is non-zero as well. □ 

Corollary 3.3.5. Suppose \i is a positive odd integer and v > such that fi—u ^ 2Z ; 
then for fixed j G No the four functions Af'^, i = 1, 2, 3, 4 ; are linearly independent. 

Proof. The assumptions imply that the leading coefficients at x = of the functions 
A^j(x) in Theorem 13.3.21 never vanish and that the leading terms are distinct. 
Hence, the asymptotic behavior near x = is different and the functions have to 
be linear independent. □ 

Now we can prove the main theorem of this section. 

Theorem 3.3.6 (Differential equation). For i = 1,2, 3, 4, j G Z, the function A^'J 
is an eigenfunction of the fourth order differential operator T>^ v for the eigenvalue 
+ /i + 1)- in addition, fi is a positive odd integer and v > such that 
fi — v ^ 2Z ; then for fixed j G No the four functions A^ ' , i = 1,2,3,4, form a 
fundamental system of the fourth order differential equation 

V^ u u = 4j(j+fi + l)u. (3.10) 
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3.3. The eigenfunctions Afj(x) 



Proof. In view of Corollary 13.3.51 it only remains to show the first statement. We 
deduce 

V^A^(x) = l)A^(x) Vj G Z (3.11) 

from the corresponding partial differential equation for the generating function 
Gf ,l/ (t,x). For this we take generating functions of both sides of ( 13.111) . Clearly, 
(T)^ u ) x G^ ,v (t,x) is the generating function for the left hand side of (13. lip . The 
generating function for the right hand side is calculated as follows 



j=-co 
oo 



j=-oo 

= AS t (6 t + fi + l)G^(t,x), 
where t := t-jL. The resulting partial differential equation is 

(V^) x G^(t, x) = 4ff t {p t + fj, + 1) G?"(t, x) 
which was verified in Lemma [3.2. II (1). □ 
Remark 3.3.7. Since T>^ v = T> v ^ — (// — v) (// + v + 2) by Proposition 13.1.11 (1) and 

4 U + ^7T^ J ( U + ^7tH+ i '+ 1 J =W + /i+l) + 0i-i/)(^ + i/ + 2), 



Theorem 13.3.61 implies that for /i — z/ G 2Z also A 1 ^ (tif (x) is an eigenfunction of 
£> Mil/ for the eigenvalue + \i + 1). 

Corollary 3.3.8. // (/i, z/) G 5, £/ien £/ie system (Ag'J^-gNo forms an orthogonal 
basis of L 2 (R + ,x^ +u+1 dx). 

Proof. Lemma 11.3.11 implies that fi + u, fi — u > —2. Hence, by Corollary I3.3.3[ 
the functions A-' 1 ' are contained in L 2 (R + ,x^ +u+1 dx) and by Theorem 13.3.61 each 
function A^'j is an eigenfunction of X> M;i , for the eigenvalue + fi + 1). Therefore 
the claim follows from Proposition 13.1 .11 (4). □ 

Corollary 13.3.81 provides a completeness statement for Bessel functions we could 
not trace in the literature: 

Corollary 3.3.9. For (fi,v) G H the sequence (Qi K^)j e ^ (resp. (x 2 ^ K^ + j)j & ^ ) is 
a basis for L 2 (R + ,x ,M+u+1 dx). The Gram-Schmidt process applied to this sequence 
yields the orthogonal basis (Ag'HjeNo ( U P t° scalar factors). 
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Proof. It is an easy consequence of the definitions that Ag'J can be written as a linear 

combination of the functions Q k K% for < k < j. (In fact this follows more directly 

from the recurrence relation in Proposition 13.6.11 ) Then the sequence {9^K^)j 
clearly arises from the complete sequence {A^'^j by a base change and hence is 

complete. Using ( ID. lip it is also easy to see that the second series (x 2j K^ + j)j 

arises by a base change from the sequence (O^K^j. Finally, we note that both base 
change matrices considered are upper triangular. Thus the Gram-Schmidt process 
in both cases yields the orthogonal basis A^'J. □ 

We end this section with a formula for the local monodromy of the functions 
Af'"(x) at x = 0. This implies a parity formula with respect to x t— > —x which can 
be used to determine also the asymptotic behavior as x — > —oo. The monodromy 
formula itself is an immediate consequence of Lemma 13.2.31 



Proposition 3.3.10 (Local monodromy at x 
monodromy to the differential equation ( I3.10P : 



0). We have the following local 



( A i,i \ 



(e ln x) 



( 



1 











K 


a v 













a n 







a^bfj. 







I A l,i \ 



with coefficients a a , b a 



as in Lemma \3.2.3[ 



Remark 3.3.11. If v is an odd integer, the functions Af'j(x) extend holomorphi- 



cally to C\{0}, not only to its universal covering. In this case, Proposition 13.3. 101 
expresses A^(— x) as linear combination of the functions A^'J(x) (k = 1,2,3,4). 
The coefficients contain a a and b a with a = 2n + 1 an odd integer. In this case they 
simplify significantly: 



0-211+1 



1. 



J 2n+1 



1 



,n+l 



7T. 



3.4. Integral representations 

In this section we show that for i — 1,2 the functions A^(x) have integral rep- 
resentations in terms of Laguerre polynomials. For the definition of the Laguerre 
polynomials L°(z) see Appendix ID. 21 

Theorem 3.4.1 (Integral representations). (1) For j 6 No, Re(/x), Re(z/) > — 1 
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we have the following double integral representations 




X COS (p T 2 



o jo 



7T /*CO 




JO 



i , B+iL 
i cosh (p T 2 



v a;(cos 6 4~ cos </>)) sin'* 6 sin 1 ' (p d(f) d$, 

(3.12) 

x(cos 9 + cosh 0)) snr" # smli" ck/> d#, 

(3.13) 



wzi/i constants c[j and c^'j given by 



^ ■ ^ F (^±i)r(^) 



and C 



1 



21 ' r(*±i)r(*±i)' 



(2) For v = —1 and Re(/i) > —1 we have 



i=0 



A^r 1 ^) = dt'J 1 / e^-^Lj 2 (x(cos# + (-1)*)) sin"0d0, (3.14) 



Mt'7 1 (x) = C! 



l 2,j 



2,i 



e- x L/ (a;(cos0+ l))sin"0d0 



(3.15) 



wzi/i constants c^- 1 and cf^ 1 owen fry 

1 



^ 27rr(^±±) 



and c! 



2 r(H±i; 



Proof. We make use of the formula ( 13. 8 p for A?'? and the generating function (ID.24j) 
of the Laguerre polynomials. Further, we need the integral representations (ID. 14|) 
and ( ID.15P for the /- and i^-Bessel functions. 
(1) Interchanging differentiation and integration we obtain the desired integral 
representations for A^'J : 



7lT 



fi + l\ r fv + 1 



7rr(^±±)r(^i) &> 



dP 



A£?(*) 



t=o 



1 &> 





=o (1 - t) 2 Jo Jo 



1 & 



e __ cos y e __ cos 



JO 



j\ dP 



t=0 



(1-i)^ 



sin'Wn^d^dfl 

g— j 2 ^ (cos 0+COS </ 




g-XCOS^^ 2 



JO 



sin^sin^d^dfl 
•j 2 (a; (cos 6 1 + cos 4>)) sin M sin' 7 d0 d0. 
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For the functions Af/J we do a similar calculation: 



1 (^W^)A^) 



r(*±i)r(*±i) & 



1 &> 



1 



t=o 



M +„+2 . . 

t=o {1 — t) 2 J J 



e -T=t cose e ~T=t cosh < 



7T r oo i oj 

g— x cosh _ 

o ./i. ./! <% J ' 



t=0 



siii' 1 0sinh , >d0 d# 

^ — -p^r (cos #+cosh (j 

snr u 0sinh 1/ 0d0 d# 



o jo 



-x cosh < 



X 2 (x(cos 6* + cosh 0)) sin M 6 1 sinh !/ d0 d6. 



(2) Using (ID. 71) . similar calculations as in (1) give the second part. 



□ 



Remark 3.4.2. The integral representations in Theorem 13.4.11 (2) for the special 
case v — — 1 can also be obtained from the integral representations in part (1) 
for v > —1 by taking the limit v — \ —1. For example, to obtain the integral 
representation for K^'T we have to verify the limit formula 



lim — - — pn 



e -xcosh0 cogh fc , sinh „ ( 



2 6 



(3.16) 



for < k < j. For k = the identity (ID. 151) turns the left hand side into 

lim K<l(x). 

7T 2 



The map a \— > K a (x) is continuous so (I3.16P follows from ( ID.7j) . For k > and 
> we have 

cosh fe — cosh = cosh fe — 1 < sinh • p(sinh 0) 
with some polynomial p. Then one has to show that 



lim 

rr^±i 



d0=-e 



for £ > 0. But this is easily seen using the integral representation (1D.15P and the 
continuity of the map a i— > K a (x). 
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As an easy application of the integral representations we give explicit expressions 
for the functions Af ^(x), % = 1, 2, in the case where v = — 1. 

Corollary 3.4.3. For v — — 1 and /i G C arbitrary we have the following identity 
of meromorphic functions 

2"- 1 r(j + 4 1 ) 



AO) = 7rr( /; /i+ 2 1) (^(2*) + ^(-2x)) , (3.17) 
A^V) = ^ , , :/ e-^(2x). (3.18) 



Proof. For the proof we may assume that Re(/x) > —1. The general case fi G C 
then follows by meromorphic continuation. With the integral formula (1D.25|) the 
substitution y = ^(1 ± cos#) yields 

L^xfcosfli l))snr"0d0 = 2 M / (1 - y)^y^L^{±2x ■ y) dy 

Jo 

U+ 2 J 1 2 J -L?(±2x). (3.19) 



T(j+/i + l) 

Inserting this into the integral representations (13.141) and (13 . 15[) gives (I3.17P and 

Remark 3.4.4. The symmetry property (ID. 41) for the i^-Bessel functions implies 
that G^' - (x) = |G ! 2' 1 (x) and hence 

Agfa) = fv^' (•<')• (3.20) 



Therefore, Corollary 13.4.31 also allows us to compute Aj',- explicitly: 



A#(s) = V V'Lffis). (3.21) 



Remark 3.4.5. Corollary 13.4.31 and Remark 13.4.41 suggest a relation between the 
fourth order differential equation T>^ u u = 4j(j + fi + 1)m in the cases where v = 
±1 and the second order differential equation (1D.23I) for the Laguerre polynomials 
L"(x). In fact, by Proposition 13.1.11 (5) the fourth order differential operator X> M ,±i 
collapses to the simpler form 



ZWfci = 3Ui-(A*+l' 2 

with second order differential operators <S Ml ±i (for their definition see Proposition 
13.1.11 (5)). For jj, > — 1 the operator itself is self-adjoint on L 2 (IR + , x M dx). It 

has discrete spectrum given by (— (2j + /i + l))j G N and an easy calculation involving 
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(1D.23P shows that KQ'J * s an eigenfunction of 5^,-1 for the eigenvalue — (2j 1). 
Applying twice yields the fourth order differential equation of Theorem 13.3.61 

for A^'J . The same considerations apply for iS^+i and A^^x) since we have the 
relation (I3.20p and 

S^x- 1 = x- x S^t. (3.22) 



3.5. Orthogonal polynomials 

In the previous section we have shown that for v — ±1 the functions K^ v -[x) ba- 
sically reduce to Laguerre polynomials. Now we prove that for any odd integer 
v > — 1 the functions A^'Jfx) reduce to polynomials. 

Theorem 3.5.1. Suppose fx ^ — N and v > 1 is an odd integer. Then 

A%(x) = r( { i\\! x-»e-*M^(2x), (3.23) 

where M^ v (x) is a polynomial of degree j + (j G Noj. The polynomial M^' v {x) 
is given by 



v-l 



M „,„ M rg + g + 1) f ^* t . rp - 1 + ^)(, - j - 1)! 



2 / fc=0 i=0 



E ( 3 - 24 ) 



fc=0 

where 



R ,,u_ r(y + A* + i) v r _ 1vm+ „r(j-m + ^±i; 



(m,n)eS££ 



+ - & - 1)! 

X 



m!n!(A; — n)!(j — m — n)!(^2^ + n — A; — m)! 

Proof. Let us first assume Re(/x) > —1. With the explicit expression (1D.8[) for 
the i^-Bessel functions with half-integer parameter and the integral representation 
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(ID.14p for the i-Bessel function we obtain 

G^(t,x) 



1 iJJ?-\kJ 1 



(1 -t)^ f V 1 - 1 J V l - 1 



r(^±i 



-x-"e- x 



L^ e -T%(«*fl+i) sin /, d # 



2 



E(z/ — z — 1)! . , z, v-\ 



=0 v 2 



Z ! • Z! 



Next, we compute the derivatives of the first factor with respect to t at t — 0. Using 
the formula (1D.24P for the generating function of the Laguerre polynomials we find 
that 



1 



o (l-fj'r+i 



(cos 0+1) ^ 



j! / L- 2 (x(cos(J) + 1)) sur"0d0 



which is by (I3.19P equal to 



_ j!2/TQ- + ^)r(*±l) 

" rxJT^TI) ^' (2x) - 

Now we can compute the Taylor coefficients of G^it^x) at t = explicitly as 
follows 



G%' v (t, x) 



t=0 



r(^ 



k=0 



t=0 



o 2 + 



e -^(cose+l) sin M0 d 



X 



t=0 



£ 

fc=0 



fc!r(j - k + /x + 1) 



dt k 



i=0 v 2 



-*)!•<! 



2 



X 



*f±-i)!-i! 



=0 v 2 



— Z 



v - 1 



- i - k + 1 



; 1 ' j\ 2 »T(j -k + ^)(v-i- 1)! 



fc=0 8=0 



k\T(j —k + n + — i — fc)!i! 
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This gives the first expression for M^' v {x). Inserting the explicit formula (ID.22I) 



for the Laguerre functions one obtains the expression for the coefficients fy. k . 
Since these clearly extend meromorphically to \l G C with poles at most at fi = 
— 1, —2, —3, . . ., the claim follows. □ 

Proposition 3.5.2. (1) (Top term) 

M^' u (x) = ; — x^ ~ + lower order terms. 

3 \ 

(2) (Constant term) 

Proof. For k = j + the set Sj% defined in f!3.25|) only contains the tuple (0, j) 
and we obtain the top term 

f-iV 

JJH — j\ 

To calculate the bottom term Mj' u (0) we use the asymptotic behavior of K^{x) 
as x — > (see Theorem 13.3.21 (1)). Together with f !3.23|) this gives the bottom term 
M^(0). □ 

Remark 3.5.3. As proved in the previous section, we have 

Mf{x) = L li j (x). 

However, for v > 3 the special polynomials Mj ,v {x) do not appear in the standard 
literature. Properties for these polynomials such as differential equations, orthog- 
onality relations, completeness, recurrence relations and integral representations 
simply translate from the corresponding properties for the functions A^'jfe). The 
corresponding statements can be found in [HKMM09aJ . 



3.6. Recurrence relations 

In this section we give three types of recurrence relations for the functions K^{x). 

Our first recurrence relation involves the first order differential operator T-L a (a G 
C) on M + , given by 

H a := 6 H — . 

If a G 1, then T-L a is a skew-symmetric operator on L 2 (lR + ,a; Q+1 dx). This allows 
us to compute the L 2 -norms for A^'J explicitly if (/i, v) G H. 
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Proposition 3.6.1. For /i, v G C, % — 1, 2, 3, 4 we /iawe £/ie following recurrence 
relation in j G Z 

(2j + M + l)« M+ „A£"(x) = (j + 1)0 + /i + l)A£" +1 (x) 

Proof. As in the proof of Theorem 13.3.61 we verify ( I3.26P via a partial differential 
equation for the generating function Gf' u . A short calculation (similar to the one in 
the proof of Theorem I3.3.6j) shows that the recurrence relation (13. 26ft is equivalent 
to the partial differential equation 

(29, + ii + 1) U + t±L±l\ ar(t,x) 

which holds by Lemma [3.2.11 (2). □ 
Corollary 3.6.2. If (/x, i/) G H, £/ien 

||AW||2 _ Z 1 U + 2 M U + 2 j /o 97 \ 

iiA 2j n L2(R+ ^ + , +lda; ) - j]{2j + fl + 1)T{j + fl + 1) ■ 

Proof. We prove this by induction on j. For j = 0, in view of Example 13.3.11 and 
the integral formula (]D.18j) . we can calculate 



HAOT= / |A^(x)|V^ +1 dx 
1 







r(^) 2 J 



Kz(x)\ 2 x^ +U+1 dx 



(/i + i)r(/i + i) 

For the induction step we reformulate (I3.26P as 

«, _ (j + l)(j+/i+l) AM ,, (2j+fi + u)(2j+fi-u) A ^ u 

H ^ A ^ ~ 2j + fi + l 2J+1 4(2j + /x + 1) 2J - 1- 

Using the skew-symmetry of T-L^ +u on L 2 (M + , x^ +v+1 dx) together with the pairwise 
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orthogonality of the functions A^'J (cf. Corollary 13.3. 8p we calculate 

11-1/ A^ ,!/ ll 2 — (U K^i v \ — ( \^' U \U 2 A 

|| rtfj.+ul^J II — \. tt »+v Jl 2,j I rL p.+v 1 ^2,j ) — ~ V 2,j I n n+v ly 2,j ) 

C/ + 1)0" + + 



1-1/ A Mi" 

2j+/i+l ^+^'+1 



(2j + /i + z/)(2i + /x-z/) av \ 
4(2j + A* + 1) «^^-iJ 
+ l)Q + /i + l) (2(j + l) + fi + is)(2(j + l) + fi-u) 

2j + n+l 4(20 + l) + /i+l) 

(2j+/i + ^)(2j+/i-z/) j((j-i) +At+ i)^ ||a ^ ||2 

4(2j+/i+l) ' 20-l)+/i + 

On the other hand, orthogonality and the recurrence relation yield 

2 



/ / (2j+ / i + z/)(2j+/i- t /) V ||A ^ 2 

+ V 4(jy + A * + i) J l|A2 - 1 ' 1 • 

Both identities together complete the induction. □ 



The second type of recurrence relations expresses x 2 K^'J as linear combination 
in for k = j — 2, . . . ,j + 2. These recurrence relations are an immediate 
consequence of the fifth order differential equation for the generating functions 
G^' u (t,x) given in Lemma [3.2.11 (3). 

Proposition 3.6.3. For /i,i/GC we have 



// — 1 \ / . /i + l\/. /i + 3 



20 + 1)0 + 2)0 + A* + 1)0 + A* + 2) (j + ^) A^ +2 (x) 
80 + 1)0 + A* + 1) (i + ( J + ( J + ^) A% +1 (x) 



+ 2(j + (aj 4 + 6j 3 + cf + dj + e)A%l 



x 
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with a, b, c, d, e as m Lemma \3.2.1\ (3). 

Remark 3.6.4. For j ^ -^±1, the recurrence relation of Proposition 

13.6.31 can be rewritten as 

k=-2 

with constants a^'^(k). 

The last set of recurrence relations in the parameters \x and v are again immediate 
with the corresponding differential equations for the generating functions which have 
already been stated in Lemma 13.2.21 

Proposition 3.6.5. Let /j,, v £ C. With S(i), e(i) as in (13. 6 p we have three different 
recurrence relations: 

(1) The recurrence relation in fi 

V (A&"(s) - Ag^Or)) = 25(0 (a^V) - (|) 2 <i») ■ 

(2) The recurrence relation in v 

» (ask*) - .m:;' ;( ,)) = 2 £ (i) (.\- v.) - (|) 2 a^ +2 (x)) . 

(3) 27ie recurrence relation in fi and v 

^ (Aff(a:) - Agl^x)) = 5(z)|a^(x) + £ (z)|a^ +2 (x). 

3.7. Meijer's G-transform 

The main result of this section is that for (//, v) G H the functions A%'j(x) are 
eigenfunctions of a special type 7~ M,!y of Meijer's G-transform. This G-transform 
appears as the radial part of the unitary inversion operator To (see Theorem I2.4.3p . 



117 



Chapter 3. Generalized Laguerre functions 



The integral transform T At,iy is defined by 

POD 

T^f(x):= K^(xy)f(y)y^ +1 dy V/eC 
Jo 

where the kernel function K^ v (x) is given by 



00 1 

c ' 



' 2' 2' 2 



Here Gq^xI&i, 62, ^3, ^4) denotes Meijer's G-function (see Appendix ID. 4j) . Using the 
differential equation (1D.32|) for the G-function it is easy to see that K^ v {x) satisfies 
the fourth order differential equation 

6(6 + y){6 + v){9 + n + v)u[x) = x 2 u(x) (3.28) 

The operator T M,1/ is a special case of the more general G-transform which was 
first systematically investigated by C. Fox. In [Fox61, Theorem 1] he shows that 
for certain parameters the G-transform defines a unitary involutive operator on a 
certain L 2 -space. This result is used to prove the first statement of the following 
proposition. Note that we do not yet assume that (p, v) 6 H. However, if (/1, v) € 5, 
then the following statement can also be obtained from representation theory (see 
Section I3T81 for a proof). 

Proposition 3.7.1. Suppose \x + v, fi — v > —2. 

(1) T^' v extends to a unitary involutive operator on L 2 (IR + , x^ +u+1 dx). 

(2) The G-transform T^' v commutes with the fourth order differential operator 

Proof. (1) It is proved in |Fox61l Theorem 1] that 

0,--,-^-^)f(r')dr> 
' 2 2 2 J v ' 

defines a unitary involutive operator T : L 2 (R + ) — > L 2 (IR + ) if c > and 
Op. By assumption c = ^ + ^ +2 satisfies this condition. Then the coordinate 

change r = (f) 2c , r' = (|) 2c gives the claim. 
(2) A short calculation, using that T)^ v is a symmetric operator in 
L 2 (M. + ,x fJ,+u+1 dx), gives the desired statement if one knows that the kernel 
function K tJ, ' u (x) satisfies the following differential equation 

(V^) x K^(xy) = (V^) y K^(xy). 

But this is easily derived from the expression (13. ip for T>^ v using the identity 

6 x K^(xy) = (6K^)(xy) = 6 y K^(xy) 

and the differential equation (I3.28P for K^ v {x). □ 





(rr') c 
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Theorem 3.7.2 (Meijer's G-transform) . Suppose that G H. Then for each 

j G No the function Ajy (a;) is an eigenfunction of Meijer's G-transform T^' v for 
the eigenvalue (— l)-?. 

Proof. Since X , At)!/ and T M,1/ commute, the function T^A^'J is also an eigenfunction 
of for the eigenvalue 4 j ( j + /x + 1). But by Proposition 13.1 .11 (4) and Theorem 
I3.3.6l the function Ag'J spans the L 2 -eigenspace of "D^ v with eigenvalue 4j(j + /x + 1). 
Hence, there exists Ej G R such that 

V-A^U) ,A^'f./-). (3.29) 

We calculate by specializing ( I3.29P to x = 0. 

Let us just treat the case f > here. The other cases v — and z/ < can be 
treated similarly. Multiplying (13. 29ft with x v and taking the limit x — > yields 

lim / (a^) w ^(a^)A^(3/)^My = e J -lim^Ag'(ar). (3.30) 
The right hand side is by Theorem 13.3.21 equal to 



To justify interchanging limit and integral on the left hand side we apply the domi- 
nated convergence theorem. By the asymptotic behavior of the G-function at x = 
and x = oo (see (1D.36|) and (ID.37P ). the function x v K^' u {x) is bounded on IR + and 
hence 

\{xyYK^{xy)A^{y)y^ l \ < C ■ \A^(y)y^ 1 \ 



for some constant C > 0. Therefore, the integrand in (I3.30P is dominated by the 
function C ■ |A2 , J(|/)2/ /i+1 | which is integrable by Theorem 13. 3. 21 Hence, the assump- 
tions of the dominated convergence theorem are satisfied and with the asymptotic 
behavior of the function K^ ,v (x) at x = (see Lemma [2. 4. 9p we obtain 

(xyrK^( X y)A%(y)y^ dy = ^2^±g) J q 

Together with the following lemma this shows that Ej = (— l)- 7 which finishes the 
proof. (Part (2) of the lemma is needed for the case v < 0.) □ 



POO 

Lemma 3.7.3. (1) / A^{x)x^ x dx = 

Jo 



2T(^=^ + j 



2 



coo 



(2) / A^(a;)x^ +1 dx 



J- 

2M +, r (/ £ ±|±2 + ^ 
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Proof. We use the integral formula (ID. 171) . Together with (13.31) we obtain 
J™ G^(t,x)x» +1 dx = 2T ( tX ~l + 2 ) (1 - 1)^ 



x 2 F X 



/i + 2 fi-u + 2 /i + 2 



2?r[!^p±) (i + r^ 



i=o • y " 



and 

> + z/ + 2 



y G?^"(t, dx = 2" +i T 0- 



2 

x 2 Fi 



(1-t)^ 



/i + z/ + 2 /i + 2 /i + 2 



00 o/z+i/p/,,- _i_ n+v+2 \ 

= E ,t 2 W 

i=o • y ' 

In view of (I3.7P the claim follows. □ 

Remark 3.7.4. For z/ = ±l the functions Af^x) are Laguerre functions by H3 . 18[) 
and f )3.2ip . In this case the reduction formula ( ]D.33|) implies that the kernel function 
K^' u (x) simplifies to a J-Bessel function: 

K^ix) =x- B± ^J^{2x^). 

Then T^' u is a Hankel type transform and Theorem I3.7.2I is a reformulation of 
|EM()T54l 8.9 (3)]. Note that the integral formula in |EM()T54l 8.9 (3)] holds for 
a more general set of parameters. 

One can use Theorem I3.7.2I to obtain an integral formula for the generating 
function G2 ,u (t,x) and hence for the Bessel functions involved: 

Corollary 3.7.5. Let | < a < 00, (3 = ^ry and assume that (/x, u) G S. Then for 
x > 

POO 

/ K^{xy)U ((a - l)y) K~ (ay) y^ +1 dy 
Jo 

L(((3-l)x)K^x). 



a 
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Proof. By Theorem 13.7.21 we have 

T^Mfi = (-l^'Ag for every j G N . 
Taking generating functions of both sides yields 

and this gives the desired formula for a = □ 

3.8. Applications to minimal representations 

In this section we relate the L 2 -eigenfunctions Af^x) of T>^ v to representation 
theory in the case where (/i, v) G 5. If (//, v) G 5, then they are the parameters 
introduced in Section 11.31 corresponding to a simple real Jordan algebra V of split 
rank > 2 with simple euclidean subalgebra V + which is not isomorphic to M. p,q 
with p + q odd. For these Jordan algebras we have constructed a unitary irreducible 
representation 7r of the simple group G on L 2 (0, d/i). We now show that for j G Mo 
the functions Af^x) give rise to {[-spherical vectors in the {-type W 3 . We further 
explain the representation theoretic meaning of several properties for the special 
functions Af^x) which were derived in this chapter. 



{-finite vectors 

Theorem 3.8.1. In each i-type W J the space of ^[-invariant vectors is one-dimen- 
sional and spanned by the functions 

^(x):=A%(\x\), xeO. 

Proof. By Proposition 11.6.41 the space of {[-invariant vectors in each irreducible t- 
representation is at most one-dimensional. The functions ipj are clearly {[-invariant 
since they are i^-invariant. By Proposition 12.3.21 the Casimir operator dn(C) acts 
on W J by the scalar 



A d 

a Q 

2 



and by Theorems 12.3.31 and 13.3.61 it acts on ipj by the same scalar. Since all these 
scalars are distinct, the claim follows. □ 

Remark 3.8.2. For the euclidean case it is (indirectly) shown in [F K94| Section 
XV. 4] that the subspace of i^-invariant vectors in W 3 is spanned by the so-called 
generalized Laguerre function ^(x) with m = (j, . . . , 0) and A = Ai = ^ = ^. 
We show that these functions agree with the functions ipj on the orbit O. 
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The generalized Laguerre functions are defined in purely Jordan algebraic terms. 
Let us recall their construction from [FK94, Section XV. 4]: For m G Nq, m > 
(i.e. rrii > • • • > f^r > 0), we define the generalized power junction A m on V by 

A m (x) := A 1 (x) mi - m2 ---A r _ 1 (x) m '- 1 - m '-A r (x) mr . 

Here Aj(x) denote the principal minors of V (see [FK94, Section VI. 3] for their def- 
inition). Then the corresponding spherical polynomials are obtained by integrating 
over Kjj. 

$ m (x) := f A m (kx)dk. 
Jk l 

The polynomials $ m constitute a basis for the i^-invariant polynomials on V. 
Since Kl stabilizes the identity element e in the euclidean case, the polynomial 
&m{e + x) is again i^-invariant and hence a linear combination 

n \ / 

with certain coefficients (™) which are called generalized binomial coefficients. We 
then define the generalized Laguerre polynomials by 

L X m (x) := Wm^^^f-i), 

where 

(A) m :=fl(A-(i-l)^ 

i=l \ /mi 

and (a) n = a(a + 1) • • • (a + n — 1) denotes the Pochhammer symbol. Finally, the 

generalized Laguerre functions are 

£ x m (x) := e~^L x m (2x). 

Now let us calculate i^x) for m = (mi, 0, . . . , 0), A = Ai = | and x e O. Since 
Ai(x) = (x|ci), we obtain: 

$m(e + x)=/ (k(e + x)\a) mi dk= [ (1 + (A;x|ci)) mi dA; 
Jk l Jk l 

= E(r) / i»*r*-E > «>(*>■ 

ni =0 V x/ ^ ni=0 V x/ 
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Therefore, 



11 



m \ I I mi ] if n 2 = • • • = n r = 0, 

ni / 

else. 



For the generalized Laguerre functions we thus obtain 

mi 



Now suppose x = ktc\ £ O with k E Ki and t > 0. Since is i^^-invariant, it 
only depends on £ = |x| and we obtain 

= ^ N " (|) £ (7) -^(-2|x|)-$ (niA ... ) o ) (c 1 ). (3.31) 

v z / mi ni=0 

To calculate $(m,o,- -,o)( c i) we use the following expansion (see |FK94} Section XI. 5]): 

(tr(y)) k = k\J2 7^-*n(y), 

|n|=fe l ^ Jn 

where <i m is defined in |FK94[ Proposition XI. 4.1 (i)]. For y = c\ we have tr(ci) = 1 
and $ n (ci) = if one of the n 2 , . . . , n r is non-zero. Therefore 



$(m,...,o)(ci) 



> r Mi 



d(ni,0,...,0) 

For rf( nil o,...,o) one obtains, using the results of [FK94, Section XIV. 5]: 



(-) (—) 

d( " 1 '°'"' 0) ~ m!(j) ni ■ 

Inserting all this into (13 .3 1 [) finally yields 

where L°(z) denote the classical Laguerre polynomials as defined in Appendix ID. 21 
In view of Corollary 13.4.31 (2) we have 

Z(j,o,...,o)( x ) = const • e" N L^(2|x|) = const • Mg[(\x\) = const • ^(x) Vx G O. 

Example 3.8.3. For the metaplectic representation \x of Mp(n, R) on Lg Ven (IR n ) as 
introduced in Section f2. 1.41 the /^-invariant vectors in each t-type are spanned 

by 

wv»i(i/) = Ar\\yy f \) = const • e~\y\ 2 m\ y \ 2 ). 
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The unitary inversion operator 

In Section |2"741 we introduced the unitary inversion operator To- On radial functions 
it acts by the G-transform T^' v (see Theorem 12.4.3ft . For the special case (//, v) G H 
the results of Proposition 13 . 7. ll can also be obtained using representation theory. In 
fact, To is (up to a scalar) given by the action of the element wq. 

(1) Since ir is a unitary representation, To is unitary on L 2 (0, d/i). The operator 
T^' u i being the radial part of To, also has to be unitary on the subspace 

L 2 (0, dfi) iad ^L 2 (R + ,x» +v+1 dx) 

of radial functions. This proves part (1) of Proposition 13.7. D 

(2) For part (2) observe that Wo is central in K. Therefore, it particularly com- 
mutes with the Casimir element Cf of t as introduced in Section [2731 It follows 
that the actions of w and Cj have to commute as well. The action of Wq on 
radial functions gives 7~ At ' iy (up to a scalar) and the action of the Casimir C$ is 
on radial functions (up to scalars) given by the differential operator (see 
Theorem 12.3.3ft . Hence, T^ u and commute. 

This proves Proposition 13.7.11 for the case where (/i, v) G H using representation 
theory. 

In Section 12.41 we further showed that the unitary inversion operator To acts 
as a scalar on each t-type WK For the minimal t-type W° we showed by direct 
computation that this scalar is 1. Using the results of Section [3771 we can now give 
the action on all fi-types. 

Corollary 3.8.4. The unitary inversion operator To acts on the t-type by the 
scalar (— l)- 7 . In particular, To is of order 2. 

Proof. By Theorem 12.4.31 the operator To acts on radial functions by the G- 
transform T^ ,u . The G-transform T^' u acts on Ag'^x) by the scalar (— 1) J (see 
Theorem 13. 7. 2ft . Hence, To acts on the radial function ipj(x) = A^d^l) by the 
scalar (— l)- 7 . By Theorem 13 . 8 . 1 1 the function ipj is in the t-type WK Since To acts 
on by a scalar, this scalar has to be (— □ 

Example 3.8.5. For the euclidean case the analogous statement for the continuous 
part of the Wallach set is proved in |FK94| Corollary XV. 4. 3]. 



Recurrence relations via the g-action 

Finally, we can also give a representation theoretic explanation for the recurrence 
relations in Propositions I3.6.T1 and [376731 For this we consider the Lie algebra action 
dir. For H := (0, id, 0) G I the action is given by 
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where E = Y^h=i Xi !^~ denotes the Euler operator on O. Hence, H = (0, id, 0) leaves 
the space L 2 (0) Ta d of radial function invariant and acts on it by the differential 
operator H^+v (see Section l3T6|) . Further, let (ek)k be any orthonormal basis of V 
with respect to the inner product (— |— ) and put Nk '■= (e&, 0, 0) G n. Then 

d7r(iV fc ) = i{x\e k ). 

In particular, the sum of squares 

n 

^d7T(iV fc ) 2 = -||x|| 2 
k=l 

leaves the space L 2 ((9) ra( j of radial function invariant. 

The key to an understanding of the underlying algebraic structure of the recur- 
rence relations in Propositions 13.6.11 and 13.6.31 is the action of H and Nk on the 
{-types WK For convenience put W~ l := 0. 

Lemma 3.8.6. The Lie algebra action &n(X) : ®f =0 W j — ► 0°l o W j (X G g) 
induces the following linear maps for each j G No-' 

d7i(H) : W j — > W j+1 © W j ~\ 
d7r(N k ) : W j — > W j+1 © W j © W j ~\ 1 < k < n. 

Proof. We have 

d7r(X) : W j — > W j Vie! (3.32) 

since W J is a {-module. For the action of p recall that the {-weights of p are by 
Section 11.6.31 contained in 

To determine which {-types may appear in d7r(p)H /J one has to add the weights of 
p to the highest weight of W J . By the {-type decomposition (see Theorem 12.3. ip 
the only possible {-types that also appear in W are W^' 1 and W^ +1 . Hence, we 
have 

d7r(X) : W j — ► W j+1 © W^ 1 VI G p (3.33) 

Putting (13 .32 j) and (I3.33P together proves the claim since H G a C p. □ 

By our previous considerations both d.7r(iif) and Yli=i dvr(A^) 2 leave L 2 (0) ra d 
invariant. Since W^ ad = D L 2 ((9) ra( j is one-dimensional and spanned by ij)j(x) = 
A%j(\x\) for every j G No, we obtain 

n^+uA^'j G span{A££ : k = j - l,j + 1}, 

x 2 A^ G span{Ag :k = j-2,j- 1, 3,3 + 1,3 + 2}, 
which can be viewed as a qualitative version of Propositions 13.6.11 and 13.6.31 
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A. Tables of simple real Jordan 
algebras 

A.l. Structure constants of V 





V 


n 


T 


/7 




T 1 
1.1 

T 9 

l.Z 


Sym(7i, K) 

1 — 1 Avvn i <>i if l 


n / j_ 1 \ 

n ^ 


n 

71 


1 

O 
z 


n 
U 

n 
u 


I 3 
1.4 


I~I PT'T ) 1 ( 1 ) IFfll 

R 1 '" -1 (n > 3) 


77 f Or} — ]) 

n 


Th 

2 


4 

n - 2 


n 



1.5 


Herm(3, O) 


27 


3 


8 





II.l 


XXX 


X 


X 


X 


X 


II.2 


M(n,R) 


n 2 


n 


2 





II.3 
II.4 


Skew(2n,R) 
rp,<? q > 2) 


n(2n - 1) 
p + q 


n 
2 


4 

p + g - 2 






II.5 


Herm(3, O s ) 


27 


3 


8 





III.l 


Sym(n, C) 


n(n + 1) 
2n 2 


2n 


2 


1 


III.2 


M(n,C) 


2n 


4 


1 


III.3 


Skew(2n, C) 


2n(2n - 1) 


2n 


8 


1 


III.4 


C n (n > 3) 


2n 


4 


2{n-2) 


1 


III.5 


Herm(3, 0) c 


54 


6 


16 


1 


IV. 1 


Sym(2n,C) nM(n,H) 


n(2n + 1) 
4n 2 


2n 


4 


2 


IV.2 


M(n,M) 


2n 


8 


3 


IV.3 


XXX 


X 


X 


X 


X 


IV.4 


(n > 2) 


n 


2 





n — 1 


IV.5 


XXX 


X 


X 


X 


X 



Table A.l.: Structure constants of V 
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Appendix A. Tables of simple real Jordan algebras 

A. 2. Structure constants of V + 





V 


\/+ 


n 


To 


d 


1.1 


Sym(n, R) 


1.1 


f(n + l) 


n 


1 


1.2 


Herm(n, C) 


1.2 


n 2 


n 


2 


1.3 


Herm(n, H) 


1.3 


n(2n - 1) 


n 


4 


1.4 


R 1 ^ 1 (n > 3) 


1.4 


n 


2 


n-2 


1.5 


Herm(3, O) 


1.5 


27 


3 


8 


II.l 


XXX 


X 


X 


X 


X 


II.2 


M(n,R) 


1.1 


f(n + l) 


n 


1 


II.3 


Skew(2n, R) 


1.2 


n 2 


n 


2 


II.4 


R p > q (p, g > 2) 


1.4 


q + l 


2 


g-1 


II.5 


Herm(3, O s ) 


1.3 


15 


3 


4 


III.l 


Sym(n, C) 


1.1 


f(n + l) 


n 


1 


III.2 


M(n,C) 


1.2 


n 2 


n 


2 


III.3 


Skew(2n, C) 


1.3 


n(2n - 1) 


n 


4 


III.4 


C n (ra > 3) 


1.4 


n 


2 


n-2 


III.5 


Herm(3, 0) c 


1.5 


27 


3 


8 


IV. 1 


Sym(2n, C) fl M(n, H) 


1.2 


n 2 


n 


2 


IV. 2 


M(n,M) 


1.3 


n(2n - 1) 


n 


4 


IV. 3 


XXX 


X 


X 


X 


X 


IV.4 


M n '° (n > 2) 


1.4 


1 


1 





IV. 5 


XXX 


X 


X 


X 


X 



Table A. 2.: Structure constants of V + 
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A. 3. The constants ji and v 



A. 3. The constants ji and v 





V 


A* 


V 


1.1 


Sym(n, R) 


(n-2)/2 


-1 


1.2 


Herm(n, C) 


n- 1 


-1 


1.3 


Herm(n, H) 


2n- 1 


-1 


1.4 


R 1 '"- 1 (n > 3) 


n — 3 


-1 


1.5 


Herm(3, O) 


11 


-1 


II.l 


XXX 


X 


X 


II.2 


M(n,R) 


n-2 





II.3 


Skew(2n, R) 


2n-3 


1 


II.4 


(p ? g > 2) 


max(p, q) — 2 


min(p, g) — 2 


II.5 


Herm(3, O s ) 


7 


3 


III.l 


Sym(n, C) 


n — 1 


-1 


III.2 


M(n,C) 


2(n- 1) 





III.3 


Skew(2n, C) 


2(2n - 2) 


2 


III.4 


C n {n > 3) 


n-2 


n - 4 


III.5 


Herm(3, 0) c 


16 


6 


IV. 1 


Sym(2n,C) nM(n,M) 


2n- 1 


-1 


IV. 2 


M(n,H) 


4n-2 





IV. 3 


XXX 


X 


X 


IV.4 


M n '° (n > 2) 


n-2 


— n 


IV. 5 


XXX 


X 


X 



Table A. 3.: The constants \x and v 
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Appendix A. Tables of simple real Jordan algebras 

A. 4. Conformal algebra and structure algebra 





V 


= co(y) 


I = stt{V) 


I.l 


Sym(n, R) 


sp(n,R) 


5l(n,R) x R 


1.2 


Herm(n, C) 


su(n, n) 


5l(n,C) x R 


1.3 


Herm(n, H) 


50* (An) 


s[(n,H) x R 


1.4 


R 1 '"" 1 (n > 3) 


so(2, n) 


5o(l,n - 1) x R 


1.5 


Herm(3, O) 


^7(-25) 


^6(-26) x R 


II.l 


XXX 


XXX 


XXX 


II.2 


M(n,R) 


5l(2n,R) 


5l(n,R) x fi[(n,R) x R 


II.3 


Skew(2n, R) 


so(2n, 2n) 


fi[(2n,R) x R 


II.4 


W> q (p, q > 2) 


5oQ» + l,g + l) 


50 (p, g) x R 


II.5 


Herm(3, O s ) 


*7(7) 


e 6 ( 6 ) x R 


III.l 


Sym(n, C) 


sp(n,C) 


5l(n,C) x C 


III.2 


M(n,C) 


5l(2n,C) 


5l(n,C) x 5[(n,C) x C 


III.3 


Skew(2n, C) 


so(4n,C) 


s((2n,C) x C 


III.4 


C n {n > 3) 


so(n + 2,C) 


so(n,C) x C 


III.5 


Herm(3, 0) c 


c 7 (C) 


e 6 (C) x C 


IV. 1 


Sym(2n,C) n M(ra,H) 


5p(n, n) 


5l(n,M) x H 


IV.2 


M(n, H) 


s((2n,H) 


sl(n,H) x 5[(n,H) x H 


IV.3 


XXX 


XXX 


XXX 


IV.4 


R n, ° (n > 2) 


so(l, n + 1) 


50 (n) x R 


IV.5 


XXX 


XXX 


XXX 



Table A. 4.: Conformal algebra and structure algebra 
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B. Calculations in rank 2 



Let V = W ,q with p, q > 2 (see Example 11.1.31 (2)). The structure constants of V 
and V + can be found in Tables lATTl and IA.2I where V corresponds to the case II. 4. 
In particular, V has dimension n = p + q and rank r = r = 2. The parameter A 
of the zeta function and the Bessel operator corresponding to the minimal orbit of 
Str(V)o is A = ^ = p+ 2~ 2 - Let us for convenience assume that p < q. (The case 
p > q can be treated similarly.) Then /i = q — 2 and v = p — 2. 

Denote by [ej)j=i,..., n the standard basis of V = W 1 . We use coordinates 
for x = Yl 7 j=i x j e j- I n these coordinates the trace form and the determinant are 
given by 

t(x, y) = 2(x 1 y 1 - x 2 y 2 - ... - x p y p + x p+1 y p+1 + . . . + x n y n ), 

a/ \ 2_|_ _l_ 2 2 _ 2 

t-^yX } X-^ \ • • • ~r X p X p _^_^ . . . ^fi' 

Hence, aej := €jCj defines a Cartan involution of V, where 




+1 for j = 1 or p + 1 < j < n, 
— 1 for 2 < j < p. 



The basis dual to (e^) with respect to the trace form r is therefore given by Cj = 
^€jej. The corresponding inner product and norm are 

(x\y) = t(x, ay) = 2(x 1 y 1 + ... + x n y n ), 
\x\ 2 = \\x\\ 2 = 2(x\ + . . . + x 2 n ). 

An orthonormal basis of V with respect to the inner product (— |— ) is hence given 
by the vectors ^ej, 1 < j < n. We also fix the Jordan frame C\ := + 

C2 := |(ei - e p+q ). 

The gradient ^ with respect to the trace form writes 

d_ (^_d_\ 1 f_d d_ _d_ d d \ 

dx \ 2 dxj J . 2 \dxi' 8x2' ' dxp^ dx p+ \ 1 dx n ) 

Let us use the notation x = (x', x") £ l p x K' for x £ V. Abusing notation, we 
also write x' and x" for the vectors (x', 0) G V and (0, x") G V, respectively. In this 
notation the minimal orbit O = 0\ can be written as 

O = {x G V \ {0} : A(x) = 0} 

= {{x',x") G V \ {0} : \x'\ = \x"\}. 
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Appendix B. Calculations in rank 2 



In particular, for x = (x',x") G O we have \x'\ 2 = \x"\ 2 = ^\x\ 2 . 

Now let us calculate the action of the Bessel operator B\ (A = Ai) in this case. 
To apply Proposition II . 7. 61 we have to calculate ke for k G (Kl)o — SO(p) x SO(g). 
One finds that for x = ktc% G O with t > 0, k G (-Kl)o we have kte = (2x',0). 
Hence we obtain for ip(x) = /(|x|): 

BMx) = (f\\x\) + do±f{\x\)\ a(x') + (f"(\x\) + (d- do)±f(\x\)\ a{x"). 

For the action of the Lie algebra elements (ej, 0, — aej) G t this yields 
d7r(ej, 0, —aej)ip(x) 

\ (f\\A) + (? - l)faf'(\x\) - f(\x\)) (x\ ej ) for 1 < j < p, 
^/'(W)-/(N)) {x\*j 



(B.l) 

i + (p - 1 W(M) - /(N) (a?|ei) for p + 1 < j < n. 



B.l. The minimal i^-type 

In this section we prove the remaining parts (c) and (d) of Proposition 12.1.41 and 
calculate the action of To on ?/V 

To prove f !2.1Up and (12. lip we need to calculate the t-action on the spaces Ka+k® 
H k (W), < k < 2=2. For this we introduce operators (-)f on H k (W) for j = 
l,...,pby: 

(-)+ : n k (W) ^(x) := - X ^ 2fe ^^ (x), 



J 



That </?t and are (for <^ G "H fc (lR p )) indeed homogeneous harmonic polynomials 
of degree k + 1 and — 1, respectively, can easily be checked by direct computation. 
Then for G H k (W) one clearly has the following decomposition of Xj(f(x) into 
spherical harmonics: 

Xjip(x) = <Pj{x) + (xl + . ■ ■ + Xp)(pj(x). 

For convenience we also put (— := (— )j := for j = p + 1, . . . ,n. Using the 
operators (— and (— )j" we prove the following lemma: 

Lemma B.l.l. For j = 1, . . .,n the action of (e.,-,0, —aej) G t on K%+k ® V 9 
g) "H fc (lR p ) zs gwen fry 



dvr(e j , 0, -oce-){KK +k g> y?) 
1 

i L 



(2fc + p - ® - (2A; + p + g - 4)tf * +fc _i ® ^ 



132 



B.l. The minimal K-type 



Proof. Let (p £ U k (W) and 1 < j < n. With (j2TT3]) . the product rule (05]) and 
(ll.72p we obtain 

d7r(e i , 0, -aej)(K»+ k <g) </?)(x) = d7r(e i , 0, -ae 3 )K^ +k (x) ■ <p{x) 



2K', +k {\x\) 



+ -■ 

% 



-T 



\X\ 



Using the two identities 

' dx 



and 



which hold since ip £ "% fc (IR p ), a short calculation gives 



B x <p=(\ + k-l)?£. 

ox 



(a) 1 < j < £>• With (IB.lj) and the differential equation flD.9j) we obtain 



d7r(e i , 0, -aej)(KiL +k <g> </?)(x) 

<9<£> 



-2(2A;+p-g)— lft +fc (|x|) • x^(x) 

X 2 



+ N^ +fc (|x|).^(x)+ (* + 



p + q — 4 



^ 5+ *(N)-^(x) 



Applying fID.llj) and (ID. 131) yields the stated formula, 
(b) p + 1 < j < n. In this case r(|^,ej) = and r(x",ej) = (x\ej). Using fIB.lj) 
again we find that 

d7r(e i , 0, -aej)(Kv +k <8> (p)(x) 



K'l +k (\x\) + (2k + p- l)—K', +k (\x\) - K* +k (\z\) 



(x\ ej )<p(x). 



□ 



But this is = by (ID. 91) which finishes the proof. 
Now 

t = ti® {0,0, -cm) : tt £ V} 

and {[ = so(p) (& so(q) acts irreducibly on T-L k (MP) for every fc > 0. Therefore, the 
previous lemma implies that 



/ i-p 

2 



w n = I 



Q)Kv_ +k ®H k (W) ifg-p£2Z, 

k=0 

oo 

0% fc ®^(l p ) else, 



v k=0 
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Appendix B. Calculations in rank 2 



which proves parts (c) and (d) of Proposition 12.1.41 It remains to calculate the 
highest weight of Wq. 

The isomorphism Q So(p + l,q + 1) given in Example 11.6.11 (2) restricts to an 
isomorphism t —> so(p + 1) © so(q + 1) C so(jo + 1, q + 1) given by 



(0,T,0)h> 











T 











T G t( = so(p) ©so(g), 





/ 


2(u'Y 




it, 0, —an) i—T- 


-2u' 










-2m" 




\ 


2{u") t 





u e V. 



\ 

7 

Lemma B.1.2. Under the identification t = so(p + 1) © so(q + 1) the map 

q—v 

2 

k=0 



^^CA^^o)^'), (x ,x') G § p C IR P+1 . 



2 M 2 



becomes an isomorphism of t-modules. 

Here C^(z) denote the normalized Gegenbauer polynomials as defined in Ap- 
pendix ID. 31 and (a) k = o,(a + 1) • • • (a + k — 1) is the Pochhammer symbol. 

Proof. Since so(g+l) acts trivially on both sides, we only have to check the so (p+ In- 



action. The action of A G so(p + 1) on i/j G Ti~ 



is given by 



(A • ^)(» := D A * x if)(x) = -D Ax i)(x). 

Then it is clear that $ intertwines the actions of so(p) C fy. It remains to check 
that it also intertwines the actions of (ej,0, —aej) for 1 < j ' < p. To prove this, 
we make use of the two formulas (ID.28j) and (ID. 29}) for the normalized Gegenbauer 
polynomials. We then have for (xq,x') G S p : 

((e i; 0, -aej) ■ ®(K» +k © ip)) (xq, x) 
-2a;,-— + 2x — J © ^)(x , x') 



lfD~28ll 



-4 



[-2l) k ~2-l + {k+1) 



-2%] 



—)k 



C °^Zi)( x o)xMx') + 2 ) P - U q i x oC^ k k (x Q )^-(x') 

2 V ) y——j k 2 QXj 



(tD~29l 1 

i 



{2k+p-q)$(Kz +[k+1) ®<p+) 



- (2k + p + q - 4)$(iT f +(fc _ 1) © 



$ ( (e i5 0, -aej) ■ (Ki_ +k © <p) ) (x , a/) 
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B.l. The minimal K-type 



by Lemma [B.l. II 



□ 



We use the identification t = so(p + 1) ©so(g + 1) to transfer the torus tC t, the 
roots {± 7l ^ 7j } and our choice of a positive system from t to so(p + 1) © so(q + 1). 
Then by |Kna86[ Chapter IV. 7, Examples (1) & (2)] the function ((x) = (xq + 
ixi) 3 ^ is a highest weight vector in 'H 1 2 E (R. P+1 ) and the corresponding highest 
weight is given by 



/ 



a 
a 



V 



q-p 



-la. 



J 



Under the above identification e corresponds to ^4^(71 + 72) which is in turn the 
highest weight of the t- module Wq. This proves the last part of Proposition 12 . 1 .41 



Finally we calculate the action of T<_ 



'a = e - " 1 "^"' °~2' + 7r(wo) 011 t ne function ip to 
finish the proof of Proposition 12.4.111 The missing part in the proof is the following 
lemma: 



Lemma B.l. 3. e*2 



if (e\x-B) 



i/'O 



3 i7T(2=E) H 



4>0- 



Proof. By the definition of d7r we have 

e tf (e\x-B) _ e d7r(f (e,0,-e)) > 

Under the identification £ = so(p +1) x so(g+ 1) the element (e, 0, — e) G £ corre- 
sponds to the matrix 

/ 2 \ 

-2 



v °y 

Applying the exponential function of SO(p + 1) x SO(g + 1) to | times this matrix 
gives 



-U 



L p+<? 



By Lemma [B.l. 21 the function ipo G corresponds to the function 



(B.2) 



(B.3) 



In view of the parity formula (1D.26I) for the Gegenbauer polynomials we see that the 
matrix (IB. 21) acts on the function (IB. 31) by the scalar (— l) 3 ^ = e™ 1 ^ . Similarly 
one shows that for p> q the scalar is 1. Therefore, the claim follows. □ 
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Appendix B. Calculations in rank 2 



B.2. The Casimir action 



In this section we calculate the Casimir action in the rank 2 case. This completes 
the proof of Theorem 12.3.31 

The action of (e.,-,0, — aej) on radial functions is given in (TBI]) . Note that (e^j 
denotes the standard basis of M. n which is not orthonormal with respect to the inner 



product 



With the notation of (11. 73ft we find that for x G O: 



( TTT69t 



- ^2 d7r(e i; 0, -aej) 2 ip( 
p 

E 



x) 



(B 2 q _ 2 f)(\x\)(x\e J Y + 2r[P 



d(B q _ 2 f) 



dx 



d(x\ej 
dx 



+ (B^ 2 f)(\x\)r(B x (x\e J ),e J ) 



2(B 2 _ 2 f)(\x\)\x'\ 2 + ^-(B q _ 2 f)'(\x\) r (P (ax\ ae s ) x, e> 

d 



+ 7,(B q -2f)(\x\)J2(^) 



= (B 2 _ 2 f)(\x\)\x\ 2 + — ( J B 9 _ 2 /) / (|x|)^r(P(ax|«e i )x,e,)+M^- 2 /)(k|) 

|X| j=i 

and similarly for Y^j= p +i dvr(e :) -,0, —aej) 2 ip(x). Now a direct computation shows 
that 



r(P(ax, aej)x, ej) = \x\ 
Therefore, we obtain 



Vj = l,...,n. 



2_j d7r(ej, 0, — aej) 2 ip{ 

3=1 



X 



= \x\ 2 (B 2 _ 2 f)(\x\) + 2p\x\(B^ 2 f)'(\x\) + dp{B q .. 2 f)(\x\) 

+ \A\Bl_ 2 f)(\x\) + 2q\x\{B p _ 2 f)'{\x\) + dq(B p _ 2 f)(\x\), 

which turns out to be equal to 2D^ U + (q — p)(p + g — 2). Taking into account 
that (^ej)j forms an orthonormal basis of V with respect to (— |— ) we obtain with 
(E^Tp that 



d7T(C t )^(x) 



r , ( i 1 Y 

8nf^ \V2 3 ' ' v/2 3 J 



(g-p)(p + g-2) 
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which finishes the proof of Theorem 12.3.31 



B.2. The Casimir action 
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C. Parabolic subgroups 



Let G be a real reductive group of inner type (i.e. Ad(C) C Int(gc)) and g = t + p 
be a Cartan decomposition of its Lie algebra. Further, let o C p be any (not neces- 
sarily maximal) abelian subalgebra. Assume that the set £(g, o) is a root system. 
In this section we construct parabolic subgroups of G just in terms of the root sys- 
tem £(g, a), not involving a maximal abelian subalgebra. 

For a £ a* we consider the weight space 



Denote by E(g, a) the set of all 7^ a G a* such that g a 7^ 0. As mentioned in 
the beginning, we assume that E(g, 0) is a root system. Choose a positive system 
S + (g, a) C S(g, a) and denote by n(g, 0) the corresponding set of simple roots. For 
any subset F C n(g, a) of simple roots we form the Lie algebras 



da ■ 



{Xeg:[H,X] 



a(H)X \/H e a}. 



a F ■= {H e a : a(H) = Va G F} C a, 
m F := {X G g : [X, o F ] = 0} 



with corresponding Lie groups 



A F := exp(a F ), 

M F :={geG: Ad(g)H = H M H E a F }. 



Further put 



££(fl,a) 



{a G S + (g,a) : a| aF 7^ 0} 



and 



«6E+(g,o) 

exp(n F ). 




Finally, we define 



M F N F . 
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Appendix C. Parabolic subgroups 

Theorem C.l. (1) For every subset F C 11(0, o) the group Pp is a parabolic 
subgroup ofG. 

(2) Each Pp has the Langlands decomposition Pp =°MpApNp, where 

°M F = {g G M F : x(g) = 1 V characters x ■ M F -> 
and the maps 

M F x N F — > P F , (m, n) i-> mn, 

°Mp x A F x iVp — >■ Pp, (m, a, n) h-> man, 

are diffeomorphisms. 

(3) G = KPp and we have the following integral formula for f G C C (G): 

/(*)<*= /" / / / /M^'idad^, 

where dg, dk, dm, da and dn denote suitably normalized Haar measures on 
G, K , °Mp, Ap and Np, respectively, and 

p F (H) = ±Tr(ad(#)|„ F ) = \ dim ^) ' a 

ae£+(g,a) 

is the half sum of all positive roots in Xp(g, a)- 
Proof. Choose a maximal abelian subalgebra a of p that contains a: 

We denote the weight space with respect to a G a* by g a . Then clearly 

0a — 03) 

where a = a\ a . Since g = agn , Q = {& a& * Q a , we conclude that 

$ : £(g, a) U {0} £(g, a) U {0}, «4a = a|„, 

is defined and surjective. One can choose a positive system E + (g, a) of £(g, a) with 
corresponding simple roots Il(g, a) such that $ restricts to surjections 

$ + :£ + (g,H)U{0}^£+(g,a)U{0}, and $ n : II(g,H) U {0} n(g, a) U {0}. 

Then put P := ^(P) U (n(g,a) \ $ I1 1 (n(g, a))) C n(g,a). The statements now 
follow immediately from |Wal88[ Lemmas 2.2.7, 2.2.8 and 2.4.1] applied to P. □ 
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D. Special Functions 



In this chapter we give definitions and basic properties of the classical special func- 
tions that appear in this paper. 



D.l. Bessel functions 

The series 

'.<*)== (|) Xirc + a + D (f) < D1 > 

n=0 v y 

defines a meromorphic function in z and a, called the modified Bessel function of 
the first kind or J-Bessel function (see |Wat44[ Section 3.7]). For a > — 1 and z > 
this function takes real values. I a (z) solves the following second order differential 
equation: 

z 2 ^+z^-(z 2 + a 2 )u = 0. (D.2) 
az z az 



Another solution of (1D.2|) which is linearly independent of I a (z) is given by the 



modified Bessel function of the third kind or i^-Bessel function: 

K a (z) := -J!—(I_ a ( z ) - I a ( z )). (D.3) 
I sin 77 ct 

For convenience we use the following renormalizations: 

L(z) := (f)" a 4(«), K a {z) := (f) 

Note that I Q (z) is an entire function. Further, since K_ a = K a we have 

K. a {z). (D.4) 

It follows directly from the definitions that 

I a {e m x) = I a (x), (D.5) 

K a {e**x) = a 2a K a (x) + b 2a I a (x), (D.6) 
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where 



T(l - f)r(f) , 

a a ■= e - anl , b a := — 2 ' K2J (e~ am - l) . 



For the special value a = —\ the normalized I- and K-Bessel functions are 



i(z) = ^=coah(z), K_dz) = ^e~ z . (D.7) 

2 \/7T 2 L 



In the case where the parameter a G No + \ is a half-integer the K-Bessel function 
degenerates to a combination of power and exponential function and polynomial 
(see e.g. |Wat44l 111.71 (12)]): 



Corresponding to flD.2j) . I a {z) and K a (z) solve the second order equation 



z 2 ^ + (2a + l)z^ - z 2 u = 0, (D.9) 
dz l dz 

or equivalently 

(6 2 + 2a6 - z 2 ) u = 0, (D.10) 
where 6 = z-4-. For the normalized Bessel functions one has the differential recur- 

dz 

rence relations (see [Wat44, III. 71 (6)]) 

^-T a (z) = Z -I a+X {z), = ~^ + i(z), (D.ll) 

with which the differential equation (ID.9[) can equivalently be written as recurrence 
relation (see e.g. |Wat441 111.71 (1)]): 



al a (z) = I a ^(z) - I a+1 (z), (D.12) 

aK a (z) = (£f K a+1 (z)-K a ^(z). (D.13) 

For Re (a) > — | the Bessel functions have the following integral representations in 
x > (cf. formulas 111.71 (9) and VI.15 (5) in |Wat44j ): 

I a {x) = 7 =^— T , ^ e- xcos9 sm 2a 9d9, (D.14) 
K a (x) = 7=j———p- /"e-* CMh ^sinh 2a 0d0- (D.15) 
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The Mellin transform of the i^-Bessel function is given by the following formula 
which holds for Re(cr),Re(<7 — 2a) > and Re(a) > (see e.g. |GR65} equation 
6.561 (16)]): 

<?— 1 J„ QCT — 2 — <T — ' 



fsT a (ax)x CT - i dx = 2 a -'cT , T ( - J T ^ — - — ) . (D.16) 

We further have the following two integral formulas involving two Bessel functions: 
• For Re(cr), Re(a — 2/3) > 0, a < b the following holds (see e.g. |GR65| equation 
6.576 (5)]): 

~ ~ 2°"~ 2 rf crN )rf cr ~ 2/3 ') 

I a (ax)K )(bx)x° 1 d/- 2 2 



b°T(a + 1) 



XjFl g,£^ ia + li («)»). (D , 7) 

For Re(er) > 2 max(Re(a), 0) + 2 max(Re(/3), 0) we have (see formula 10.3 (49) 
in [EMOT54] ) 

[ ic a (x)Kf(x)x"' 1 dx = ^^^^r (I) r (^) 

xr f^y^- 2 r 2 ^. (D.i8) 



Finally, on the positive real line R + the normalized J- and i^-Bessel functions have 
the following asymptotic behavior (see |Wat44[ Chapters III and VII] and |AAR99[ 
Chapter 4]): as x — > 



4(0) = (D.19) 
1 (a + 1) 

£M(|)- 2a + o(x- 2a ) ifa>0 
tf a (a) = < -log(f) + o(log(f)) ifa = , (D.20) 



r(-a) 



and as x — > oo 



, o(l) if a < 



2v^r \2/ V. 



(D.21) 
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D.2. Laguerre polynomials 

For n G No and a G C the Laguerre polynomial L°(z) is defined by (cf. [AAR99, 
Equation (6.2.2)]) 



n] ^5 W (« + !)* 

L"(z) solves the following second order differential equation (see |AAR99[ Equation 
(6.2.8)]) 

s^ + (a+l-z)-^+n)« = 0. (D.23) 

The generating function of the Laguerre polynomials is given by (see e.g. formula 
(6.2.4) |AAR99 J): 

E L »(^ = 7T3twr e " A - (D.24) 

n=0 ^ ' 

Finally, we have the following integral formula for Re(/3) > Re (a) > — 1 (cf. formula 
16.6 (5) in |EMUT54| ) 

1 (1 - vr-YKW iy = r(a + " + m i~ a) ^). (D.25) 







T(/3 + n + l 

D.3. Gegenbauer polynomials 

The classical Gegenbauer polynomials C£(z) with parameters n G No and A G C 
are defined by (see [EMUT531 3.15 (2)]) 



k 



r A M i » (_i)fer(A + fc)r(n + 2A + fc) n-z \ 

r ( A )Z^ k\(n-k)\T(2X + 2k) V 2 / 
We rather use the normalized version 

C x n {z) = r(A)Cj(z). 

C„(z) is an even function if n is even and an odd function if n is odd (see |EMOT53~| 
3.15 (5)&(6)]). This can be stated as the parity formula 

C^(-z) = (-irC^(z). (D.26) 

The Gegenbauer polynomial C^(z) solves the second order differential equation (see 
|EMUT53l 3.15 (21)]) 

(z 2 - l)u" + (2A + l)zu' - n{n + 2\)u = 0. (D.27) 
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D.4. Meijer's G-function 



With the differential recurrence relation (see |EMUT53| 3.15 (30)]) 

the differential equation (1D.27P rewrites as the recurrence relation 
(2A + n - l)(n + l)C^}{z) - 2z{2\ - l)C*(z) + 4(1 - z 2 )C*±\{z) 



(D.28) 



0. (D.29) 



D.4. Meijer's G-function 



The G-function can be defined in a very general setting. However, we restrict our 
definition to the case which is needed in this paper. The results in this section are 
taken from |Luk69| Chapter V]. 

Let < m < g, < n < p, p < q and ai, . . . , a p , b\, . . . , b q G C. Assume further 
that 0^ — bj is not a positive integer for j = 1, . . . , m, k = 1, . . . , n. For z ^ in 
the univeral covering of C x we define 

ai ,...,a p \ _±_ f _u r ;unb 3 -s)uu T ( 1 '^+ s 

b x 



G 



2™ Jr II] r, 



ir (i-6 i + s )n? =n+1 r( % - s 



-z s ds. 



Here L is a loop beginning and ending at +oo and encircling all poles of T(bj — s), 
1 < j < m, once in the negative direction, but none of the poles of T(l — + s), 
1 < k < n. G™^ n (z|^ p ) is called Meijer's G-function. From the definition one 
immediately obtains the reduction formula (cf. |Luk69[ Equation 5.4 (1)]) 



G 



p.q 



<2i, 



b n -\, ai 



G 



m,n—l 



, Clp 



«2, 

6i, . . . ,6,_i 



(D.30) 



The G-function G 



solves the following differential equation of order 



max(p, q) (see |Luk69l Equation 5.8 (1)]): 



:-i) 



m+n—p 



n 

i=i 



-a. 



+D-n 



-6. 



fc=i 



it 



(D.31) 



where 9 



dz 



and an empty product is treated as 1. For the special case of 



G^0#i, &2> &3, M we find 



n 



u(z) = zu(z). 



(D.32) 



Various special functions can be expressed in terms of the G-function. For instance, 
the J- and i^-Bessel functions are given by (see |Luk69| Equations 6.4 (8) & (11)]) 



z\P 



2 (2 



A'<,(2) 



^02 



Z\ 4 
47 

2 



+ a /3 + a + 2 /3 - a (5 - a + 2 



+ a /3 



(D.33) 
(D.34) 



145 



Appendix D. Special Functions 



We also need the following integral formula for the G-function G^^bi, 62, 63, 6 4 ) 
which holds for u, rj > and Ke(bj — a ± ||) > — 1 (j = 1, 2) (see |Luk691 Equation 
5.6 (21), assumptions as in case 4]): 



x^K^tuxy^GllMh, 6a, 63, 64) dx 



0-1 



-Ct 24 I — 



X.lZ; i- (D - 35) 



Finally, we give the asymptotic behavior of the function Gq^I&i, 62, 63, 64) as z — > 
and z — >■ 00. For the asymptotics as z — » we assume without loss of generality 
that hi < 6 2 . Then it follows from |Luk691 Equations 5.2 (7) & (10)] that 



^(^16!, 63,63,64) 



r(l + 6 1 -6 3 )r(l + 6 1 -6 4 ) 



r(6 2 -6 1 )^ 1 + o(z fel ) if6 1 <6 2 , 
- ln(^)z 61 + o(\n(z)z bl ) if 6 a = 6 2 . 



(D.36) 



For the asymptotic behavior as x — > 00 we find with [Luk69, Section 5.10, Theorem 
2] that 

G™{x\K h, 63, 64) = — 7^ cos (4x3 + (63 + 6 4 - 20)tt) (l + 0(x~\ 



(D.37) 



where 9 = |(6i + 6 2 + 63 + 64 - §)■ 
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